Homework Set # 8 SOLUTIONS — Math 371 — Fall 2009
Quiz Date: 11/24

1. Convert the problem
y' =011 -y*)y +y=0
with y(0) =1 and ¢/(0) = 1 to a first order system.

Solution:

Let y2 = ¢/, then the ODE becomes y, — 0.1(1 — y?)ys + y = 0 and the inital conditions
become y(0) =1 and y2(0) = 1. We could also write this as

o = |: y/ :| _ |: Y2
Y 0.1(1—y*)y2 —y

such that z(0) =< 1,1 >.

2. Suppose that

Y~ ful)

(a) Use a Taylor Series expansion with a remainder term to show that

h? df h3 d? f
tn h) = tn h tn, Y(tn — 5 (tn, y(tn — 0 \& )
ltn + 1) = (i) + B (no(t)) + oD (1 y(0) + =L (0))
where € € (tp,t, + h).
(b) Write an algorithm for generating approximates o, y1, Y2, ... using the expansion from

part (a). Show that it has local truncation error of order h3.

(c) Apply this method to the ODE (method is referred to as Taylor’s method of order 2)

dy
7 ¢
at 'Y

with y(0) = 0.
Solution:

(a) The general taylor polynomial of order 2 with remainder for y is

§(1) = 5(0) + /()¢ — ) + 39" — O + YO ()t — )

for some z between ¢ and c. If we let the basepoint ¢ = ¢, recognize that y/(t) = f(¢,y(t))
and evaluate the Taylor polynomial with remainder at t = t,, + h, we get

Ut + D) = (1) + W y(0)) + 3 F oy (D) + 1y

for some z € (t,,t, + h). and we are done.



(b) We can get a numerical method of order 2 by letting

h2
Yn+1 = Yn + hf(tna yn) + Ef/(tm yn) .
The local truncation error can be obtained by subtracing y(t,+1) — Yn+1, and assuming
that all prior steps are made without error, so that

2 3
Y(tnsn) ~ nsr = (tn) — g+ LT (o y(00)) = (b, )]+ U7 (s w0)) — o)) + 17 (2)

2
(1)
h3

=5 1"G) @)

because we've assumed that y(t,) = y,. Thus, the Lt.e. is of order h?, and the method
is order 2.

(¢) Ify' =t +y, then f(t,y) =t + y, so that our method becomes

h2
Ynt1 = Yn + h(tn +yn) + 7(1 + (tn + yn))

or
Yni1 = (1+h+h?/2)yn + (h + h?/2)t, + h?/2

If y(0) = 0, then y(t;) = h?/2, and y(t2) = (1 + h + h?/2)(h%/2) + h? + h3/2 + h?/2 =
2h? + h3 + h*/4, and so on...

3. Find the ranges for h that yield stability for the implicit trapezoid method

h
Yn+1 = Un + E(f(tnvyn) + f(tn—l—layn—l-l)) ’

applied to the problem y' = Ay, with y(0) = yo.
For the ODE ' = Ay, we have f(t,y) = Ay, so the method becomes

h
Yn+1 = Yn + 5()‘971 + AYnt1)

or
24 AR
Yn+1 = _2 — )\hyn .

Starting with n = 0, then, we get

24 AR
=95 p%
240 (24 2R\
=532 \g— ) W
(240’
B=\g_om) %

and so on, so that in general

2+ AR\"
Yn = 2 _\h Yo



n
Thus any error in gy gets amplifed by (%) at the n-th step. So for stability, we need

2+ Ah <
2—Ah| ™

or
12+ Ah| < |2 — AR

which gives, by squaring both sides
4+ 2\ + A?h? < 4 — 2\h + A*h?

or
4\h <0

Since h > 0 is always true, we see that if A > 0, the method is unstable for all A and if A <0
the method is stable for all A.

. Derive a three-step implicit method that is accurate on polynomials up to degree three.

We can start, as in class, by assuming the form

Yn+1l = Q1Yn + h(ﬁof(tn—l—la yn+1) + ﬁlf(tm Z/n) + ﬁ2f(tn—17 yn—l) + ﬁ3f(tn—2, yn—2)) .

Now, we just need to find coefficients aq, g, 81, B2, 33 that make this method to be order 3.
We can do this by making sure that it is exact on any cubic polynomial. First, make sure that
it is exact on constatants, so on y(t) = 1. Note that then y/(t) = 0, so the method becomes

l=a;x140
so that @3 = 1 must be true. Now, let y(t) = ¢, so that y/(t) = 1. Then
tnt1 = tn + h(Bo + B + B2 + B3)
or after simplifying 1 = (g + 1 + B2 + B3. Letting y(t) = t? so that y/'(t) = 2t gives
ta i1 = to + 2h(Botni1 + Bitn + Potn—1 + Bstn_2) .
Again, simplifying gives
tn+h/2 = Botni1 + Bitn + Patn—1+ Bstn—2) ,

and

(1—(Bo+P1+ B+ B))tn+ (1/2— (8o — 2 —283))h =0 .

Notice that if we apply the condition we got from the equation for y(t) = t of S+ 1+ 2+ 53 =
1 to this current result, we get

1/2 = (Bo — B2 —203) =0.
Finally letting y(t) = t3, then g/(t) = 3t2, so that

(tn+1)3 = t?z + 3h(ﬁ0t%+1 + ﬁlt% + ﬁ2t%_1 + ﬁ3ti_2) .



Simplifying gives
(3—3(Bo+ 1+ B2+ B3))t 4 (3 — (680 — 682 — 12033))tnh + (1 — (360 + 382 + 1263)h* =0 .

Again, applying the two previous results of 1/2—(8y— 82 —203) = 0 and Gy+ 1+ 2+ 05 = 1,
this reduces to

1— (360 +302+1283) =0 .

So, we get a system of 3 equations in the four unknowns Gy, 81, B2 and (B3 which we can
rewrite as a matrix problem

11 1 1 1

10 -1 —=2(1/2

30 3 12| 1
which reduces to

1 111 1

0 1 2 3| 1/2

0 01 0]-1/12

So that the general solution looks like
< Bo, B1, 02,03 >=<5/12,2/3,-1/12,0 > +33 < 2,-3,0,1 >

. Note that we get a free parameter in the solution because the system is underdetermined
(there are fewer equations than there are coefficients). Thus, we can pick B3 to be anything
we want and this will give us a method of order 3 (note, we should not take 3 = 0 because
then the method would be 2-step rather than 3-step). For example, we can let 3 = 1/12,
then our method is

7 5 -1 1
n = Yn h(— n+1, 9Yn 5 tm n T tn—y n— a n—2; Yn— .
Ynt1 = Yn + M5 ftnsr Ynar) + 15 F (o, yn) + 75 F(tn-1, Y1) + 5. f (a2, Yn—2))

. Show that the modified Euler Method can be constructed as a predictor corrector method
that uses Euler’s (explict) method as the predictor, and some implicit method as the corrector
(identify which one).

Solution:

Using Euler’s method as a predictor means we will first approximate y,+1 by
Yn+1 = Yn + Nf (tnsYn) -
Now, this gives an approximation for y'(¢,+1) by using the ODE:
Y (tn1) = f(tns1,y(tns1)) = f(tnsts Yo + hf (tns yn))

If we now use Backward Euler as our corrector, we then get a new approximation for y,41 by

Ynt1 = Yn + Bf (o1, Unt1) = Yn + 1f (g, yn + Bf (tns yn)) -
Notice that the final approximation for y,41 is then

Ynt1 = Yn + hf (1, yn + hf (tny yn))

which is exactly what we called the “modified Euler method”. So, by using Euler’s method
as a predictor and backward Euler’s method as a corrector we can get the same thing as we
get for the modified Euler method.



