
MATH 431-EXAM 1- 6/15/2012

Instructions. Closed books, closed notes. No credit for answers with-
out justification. Time given: 90 min (11:45-1:15)

1.[16] Let A =

[
3 2
−1 1

]
. Compute eA. (You may leave it in the form

TST−1, for explicitly given matrices T and S).

2.[24] Consider the linear system x′ = Bx, x(t) ∈ R3, where

B =

 1 0 −1
1 2 3
0 0 −3

 .
The eigenvalues are 1, 2,−3.

(i) Find bases for the stable and unstable subspaces of R3, Es and Eu.
(ii) Compute a fundamental matrix for the system.
(iii) Find etB. You may leave it in the form Φ(t)C−1, for explicitly given

matrices Φ(t) and C.

3.[20] Sketch the phase-plane diagrams for the linear systems of DE de-
fined by the matrices below. Be sure to indicate the eigenspaces (tangencies)
and include arrows in the direction of positive time.

(i)A =

[
1 1
4 1

]
(ii)B =

[
0 1
−6 5

]
.

4. [12]Find the general solution of the non-homogeneous system given.
(Use either the Putzer algorithm or reduction to scalar problems.)

x′1 = x1 + 1, x′2 = 2x2 + x1 + t, x1(t), x2(t).

5.[14] Consider the system x′ = Ax, where the coefficients of A are
known only up to a small error ε (say, equal to 10−6):

A =

[
3± ε 0± ε
1± ε 3± ε

]
.

Is it possible to classify the system:
(i) As stable, asymptotically stable, or unstable?
(ii) As a node, spiral or saddle?
(Hint: Consider the ‘trace-determinant’ diagram for 2X2 systems.)
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6.[14] Consider the second-order scalar differential equation given below
for y = y(t), where the coefficient a(t) is periodic, with period ω:

y′′ = a(t)y.

Let y1(t), y2(t) be linearly independent solutions, with the initial conditions:

y1(0) = 1, y′1(0) = 0, y2(0) = 0, y′2(0) = 1.

(i) Write down an equivalent first-order system v′ = A(t)v, v(t) ∈ R2, and a
a fundamental matrix Φ(t) for the system (with coefficients given in terms
of y1, y2 and their first derivatives), satisfying Φ(0) = I.

(ii) Suppose we know that y1(ω) + y′2(ω) = 2. Show that the equation
must have a periodic solution.

2


