
Math 251, fall 2009. Homework set 5. Due 11/13.

1. Find the least squares solution of Ax = b, and the orthogonal projec-
tion of b onto the column space of A:

A =

 1 0
−1 1
−1 2

 , b =

 3
0
3

 .
2. Find the orthogonal projection of (1, 2, 3) onto the subspace of R3

spanned by v1 = (1, 0, 1), v2 = (1, 2, 1).

3. Find the orthogonal projection of (1, 2, 3, 4) onto the two-dimensional
subspace of R4 with defining equations:

x1 + x2 + x3 = 0, x2 + 2x3 + x4 = 0.

4. Find the least-squares straight line fit to the four points: (0, 1), (2, 0), (3, 1), (4, 5).

5. Find the quadratic polynomial that best fits the five points (−1, 3), (0,−1), (1, 2), (2, 3), (3, 7).

6. If you find the least-squares best fit of n data points (xi, yi)n
i=1 by a

polynomial y = p(x) of degree d (where d < n), the residuals are defined by
ri = yi − p(xi). Explain carefully (based on linear algebra) why the sum of
the residuals is always zero.

7. Exercise on page five of the handout complex eigenvalues of real
matrices, posted 11/2 (first matrix only).

8,9. Problems 1 and 2, page 7 of the handout classification of matrices,
posted on 11/4.

10. Show that if V ⊂ Rn is a one-dimensional invariant subspace for
a matrix A ∈ Mn, then V is contained in an eigenspace of A. (Hint: Fix
v0 ∈ V , a non-zero vector. Explain why we must have Av0 = λv0 for some
λ ∈ R. Now using the fact that any v ∈ V has the from v = cv0 for some
c ∈ R (why?) and linearity of A, show that we also have Av = λv for any
v ∈ V (which means V is contained in E(λ))
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