Proposition. 1. Let K/F be Galois [possibly infinite], E be an intermediate extension,
e Gal(K/F), H o Gal(K/E) [and so H < G, Embg,p = {o; : 1 € I} [for some
set of indices 1], and &; an extension of o; to K [and so &; € G, since K/F is normal).
Then, {&; : i € I} is a complete set of distinct representatives of left cosets of H in

G.

2. Let « be algebraic over F, d def [Fla] © Flins, and Embpp = {ou,...,0,} [and so

n=[Fl] : Flup). Then, me.r = [T (@ — o))"

Proof. Part 1 was done in class.

First suppose that « is separable over F', ie., d = 1. Let K/F be the Galois closure (i.e.,
normal closure) of Fla]/F, G % Gal(K/F), H ™ Gal(K/Fla]), and f % [T",(z — 0:(a)).

[We need to show f = mg r.]

If 5, is an extension of o; to K [and so 6; € G], then f = [["_,(z — &;(«v)). [Note that
/€ Klz]]

From part 1, we know that S o {6:H : i=1,...,n} is a complete set of representatives

of left cosets of H in G, and so [as we've seen in group theory], for all o € G, we have that
oS ={o6;H : ¢ =1,...,n} is simply a permutation of S. This implies there is some
permutation ¢ € S, such that for any ¢ we have that 0; = G4;7;, for some 7; € H. Then,
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17 =11 —o0@i(a) = [ — 650 (r(a) = [ (e — ds () = ] [ (+ = () = 1.

i=1 i=1 i=1 i=1

Since o € G was arbitrary [and the fixed field of G is F], we have that f € F[z].
Also, since the identity map is in Embpgq)/p, we have that f(a) = 0.

Thus, since f is monic, f(a) = 0, deg(f) = n = [Fla] : F] = deg(ma,r) [since we are

assuming « is separable over F|, we must have f = m, p.

Now suppose that « is inseparable with char(F) = p > 0 and d = p*, for some k > 1.

Then 8 & o is separable over F. Let E < F [B]. Then, E/F is separable [and F|a]/FE is

purely inseparable]. Moreover, we have that Embg,p = {0s|, : ¢ =1,...,n} [as Embgp
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and Embg,r have the same number of elements and every embedding of £/F has a unique

extension to F[a], as Fla]/FE has separable degree 1].

Then, by the separable case done above, we have that

n n

mae =16~ ol (9) = T[Ttz 018 =[]~ ().
Now, let f & mp p(z?) = [[T1y(z — Ui(oz))]pk. Then, f € Flz] [as mgp € F[z]], is monic,
and f(a) = mgp(a”) = mgp(B) = 0. Also, deg(f) = pF -n = [Fla] : F] = mqp. Hence

f = Mq,F-



