
Proposition. 1. Let K/F be Galois [possibly infinite], E be an intermediate extension,

G
def
= Gal(K/F ), H

def
= Gal(K/E) [and so H ≤ G], EmbE/F = {σi : i ∈ I} [for some

set of indices I], and σ̃i an extension of σi to K [and so σ̃i ∈ G, since K/F is normal].

Then, {σ̃i : i ∈ I} is a complete set of distinct representatives of left cosets of H in

G.

2. Let α be algebraic over F , d
def
= [F [α] : F ]ins, and EmbF [a]/F = {α1, . . . , σn} [and so

n = [F [α] : F ]sep]. Then, mα,F = [
∏n

i=1(x− σi(α))]
d
.

Proof. Part 1 was done in class.

First suppose that α is separable over F , i.e., d = 1. Let K/F be the Galois closure (i.e.,

normal closure) of F [α]/F , G
def
= Gal(K/F ), H

def
= Gal(K/F [α]), and f

def
=

∏n
i=1(x− σi(α)).

[We need to show f = mα,F .]

If σ̃i is an extension of σi to K [and so σ̃i ∈ G], then f =
∏n

i=1(x − σ̃i(α)). [Note that

f ∈ K[x].]

From part 1, we know that S def
= {σ̃iH : i = 1, . . . , n} is a complete set of representatives

of left cosets of H in G, and so [as we’ve seen in group theory], for all σ ∈ G, we have that

σS = {σσ̃iH : i = 1, . . . , n} is simply a permutation of S. This implies there is some

permutation φ ∈ Sn such that for any i we have that σσ̃i = σ̃φ(i)τi, for some τi ∈ H. Then,

fσ =
n∏
i=1

(x− σ(σ̃i(α))) =
n∏
i=1

(x− σ̃φ(i)(τi(α))) =
n∏
i=1

(x− σ̃φ(i)(α)) =
n∏
i=1

(x− σ̃i(α)) = f.

Since σ ∈ G was arbitrary [and the fixed field of G is F ], we have that f ∈ F [x].

Also, since the identity map is in EmbF [α]/F , we have that f(α) = 0.

Thus, since f is monic, f(α) = 0, deg(f) = n = [F [α] : F ] = deg(mα,F ) [since we are

assuming α is separable over F ], we must have f = mα,F .

Now suppose that α is inseparable with char(F ) = p > 0 and d = pk, for some k ≥ 1.

Then β
def
= αp

k
is separable over F . Let E

def
= F [β]. Then, E/F is separable [and F [α]/E is

purely inseparable]. Moreover, we have that EmbE/F = {σi|E : i = 1, . . . , n} [as EmbK/F
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and EmbE/F have the same number of elements and every embedding of E/F has a unique

extension to F [α], as F [α]/E has separable degree 1].

Then, by the separable case done above, we have that

mβ,F =
n∏
i=1

(x− σi|E (β)) =
n∏
i=1

(x− σi(β)) =
∏

(x− σi(α)p
k

).

Now, let f
def
= mβ,F (xp

k
) = [

∏n
i=1(x− σi(α))]

pk
. Then, f ∈ F [x] [as mβ,F ∈ F [x]], is monic,

and f(α) = mβ,F (αp
k
) = mβ,F (β) = 0. Also, deg(f) = pk · n = [F [α] : F ] = mα,F . Hence

f = mα,F .
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