1) [10 points] Find the remainder of 493438 + 76584576 - 47300272'" when divided by 5.

Solution. We have:

493438 =3 (mod 5),
76584576 =1 (mod 5),
47300272 =2 (mod 5).

Also note that
2 =4=-1=200= (22)500 = (-1 =1 (mod 5).
Hence:

493438 + 76584576 - 47300272 =3 + 1.2 =3+ 1.1 =4 (mod 5).

2) [10 points] Let n € Z. Prove that (n,n+1) = 1.

[Note: This was a HW problem.]

Proof. If d | nand d | (n+ 1), then d | (n +1) —n = 1, by the Basic Lemma, and thus the
only common divisors are +1, and the GCD is 1.

[Alternatively, one can also do it using the “converse” of Bezout’s Theorem for when we get
1 as a linear combination: we have that

l=1-(n+1)+(-1)-n.

So, we get (n,n+ 1) =1



3) [10 points] Find all x € Z satisfying [simultaneously]:

r=1 (mod7),
r=4 (mod 11).

If there is no such x, simply justify why.

Solution. The first congruence gives x = 7k+1. Substituting in the second we get 7Tk+1 = 4
(mod 11), or 7k = 3 (mod 11). Now 2-11+4 (=3)-7=1. So, k = -9 = 2 (mod 11), i.e,,
kE=2+11]for | € Z.

Thus, x =Tk+1=7(2+111) + 1 = 154771, for | € Z. O



4) [10 points] Prove that the only subring of F,, [i.e., of Z/pZ] is itself.

[Note: It was a HW problem that the only subring of Z was itself. This is similar.]

Proof. Let S be a subring of F,. Then, 1 € S by definition of subring. Since S is closed
under addition, we have that 2=141,3=2+1, .., p=(p—1)+1=0, are all in S. But
these are all the elements of ), so S = F,,.

Since S was an arbitrary subring, I, itself is the only subring.

5) Below are the factorization of f, g € Fslz] into distinct irreducibles.

f=z-(z+1)?2 (2 +1) - (2 +2+2)*
g=2-22-(z+2)* (@®*+1)* - (2 +2+2)

(a) [4 points] Does g | f7 [Justify!]

Solution. No, since the power of the irreducible x dividing g [namely, 2] is greater than
the power of x dividing f [namely, 1]. O

(b) [3 points] Give the factorization of the ged(f, g).

Solution.
(fg)=x-(2*+1)- (2> +x+2).

(c) [3 points|] Give the factorization of lem(f, g).

Solution.
frgl=a% (2 +1)° (z+2)% (22 +1)° (2* + 2+ 2)".



6) Examples:

(a) [5 points| Give an example of an infinite commutative ring which is not a domain.

Solution. We have that Iy = Z/4Z is not a domain, so I4[z] is not a domain, and, as
any polynomial ring, it’s infinite. O

(b) [5 points] Give an example of a field properly containing R [i.e., contains R but it is
not R itself], but not containing C. [Note that this excludes C itself.]

Solution. R(x) works. O

7) Determine if the polynomials below are irreducible or not in the corresponding polynomial
ring. Justify each answer!

(a) [3 points] f = z*® — 2 + 2018 in R[z].

Solution. It’s reducible, as it’s degree is greater than 2 [as we are in R|x]]. O
(b) [3 points| f =z + min Clz].

Solution. Since it has degree 1, it is irreducible. m
(c) [3 points] f = 27 + 11025 4+ 22 + 97x in Fsy [2].

Solution. Reducible, as x is a proper factor. O
(d) [3 points| f = 327 + 62° — 92* + 12023 — 152 + 2 in Q[z].

Solution. Irreducible, by the inverse Eisenstein’s Criterion. m
(e) [4 points] f = 6423 — 32 + 32z + 30001 in Q[z].

Solution. Reducing modulo 3, we get f = 2° 4+ 2z + 1. Now f(0) = f(1) = f(2) = 1.

Since deg(f) = 3 and it has no roots, f is irreducible, and hence f is irreducible. [
(f) [4 points] f = 2% + 22% — 2z — 1 in Q[x].

Solution. By the rational root test, the only possible roots are £1. Since f(1) =0, f
is reducible. O



8) Let o,7 € Sy be given by

(a)

(b)

123456789
0—(7 15439 2 8 6) and 7=(138)(2459).

[3 points] Write the complete factorization of o into disjoint cycles.
Solution. o = (172)(35)(4)(69)(8). O
3 points] Compute o~!. [Your answer can be in any form.]

Solution. o = (271)(53)(4)(96)(8), or

0:(123456789)
2754391286
[
[3 points] Compute 7o. [Your answer can be in any form.]
Solution. To = (17458)(2396), or
0:(123456789)
739 58 2416
[
3 points] Compute o7o~!. [Your answer can be in any form.]
Solution. oro~! = (758)(1436). O
[3 points] Write 7 as a product of transpositions.
Solution. T = (18)(13)(29)(25)(24). O
2 points] Compute sign().
Solution. Using the number of transpositions: sign(r) = (—1)°> = —1.
[Alternatively, noticing that the complete decomposition of 7is 7 = (1 3 8)(2 4 5 9)(6)(7),
the definition gives us sign(7) = (=1)%* = (=1)5 = —1] O
[3 points] Compute |7| (the order of 7 in S,).
Solution. |7| =lem(3,4) = 12. O



