1) Let C be the curve given by r(t) = (t,t?,¢3) for t € [0, 2].
(a) [3 points] Find the equation of the line tangent to C at the point given by ¢ = 1.
Solution. We have r'(t) = (1, 2t, 3t?). Then,
Lit)=r(1)+¢t-r(1) = L@t =(,1,1)+¢-(1,2,3) =(1+¢1+2t,1+3t).

]

(b) [3 points] Give a simple [i.e., Calculus 2] integral that gives the arc length of C for
t €10,2]. Do not compute the integral!

Solution.

2 2
/ Ie'(®)|| dt = /\/1 + 412 + 9t1 dt.
0 0
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(c) [5 points] Give a simple [i.e., Calculus 2] integral that gives the work against F =
(2%, —y?%, 2) of moving a particle along the curve C [i.e., the curve given by r(t) =
(t,t2,¢3) for t € [0,2]; to be clear, we are moving the particle starting at ¢t = 0 and

ending at t = 2]. Do not compute the integral!

Solution.

/CF-dr: /OQF(r(t)) () dt

2
/ (2, —t*, %) - (1,2¢,3¢%) dt
0

2
:/ 2 + 2 dt.
0



2) Let f(x,y) = zy and D be the region given by 4x* + 9y* < 32.

(a) [2 points] Compute the partial derivatives f, and f,.

Solution.
fz=y,
fy=¢
[
(b) [2 points] Find all the critical points of f(z,y) = zy in R% [So, not only inside D.]
Solution.
fa=y=0,
fy=2=0
So, (z,y) = (0,0) is the only critical point. O

(c) [3 points] For each critical point of the previous part, classify it as local maximum,

local minimum, or saddle.

Solution. frz = fyy =0, foy = fye = 1. So, the discriminant is D =0-0— 1% = —1,
hence (0,0) is a saddle point. O

Continues on the next page!



(d) [6 points| Use Lagrange’s Multipliers to find the global maximum and minimum of

f(z,y) = zy on the ellipse 422 + 9y = 32 [the boundary of D].

Solution. We have:

g(x,y) =0 = 4a* + 9y* = 32
fy=X-gy — r=M\-18y

Note that x # 0, as otherwise the second equation would give y = 0, but (0,0) does
not satisfy the first equation. Similarly, y # 0.

Thus,

Y L 2 2
8z 18y vt

Hence, y = 4-2x/3. Substituting in the first equation we get 822 = 32, and therefore
r =12

So, we have four candidates: (2,4/3), (2,—4/3), (—2,—4/3) and (—2,4/3). Therefore,
the global maximum on the ellipse is 8/3 and the global minimum is —8/3. O

Continues on the next page!



(e) [3 points] Find the global maximum and minimum of f(x,y) = zy in D [the region

given by 4x? + 9y? < 32].

Solution. We know that the global maximum and minimum of f in D occur either at
the boundary or at a critical point in the interior of D. The former, by the previous
part, gives that maximum and minimum on the boundary are 8/3 and —8/3. The only

critical point in the interior of D is (0,0), which gives 0.

So, the global maximum is 8/3 and the global minimum is —8/3. ]

3) Let f(x,y,2) = zy* — z2? and F = (y* — 22z, 2xy, —2?).
(a) [3 points| Show that f(x,y,z) is the potential of F.

Solution. We have f, = y* — 2zz, f, = 2zy, and f, = —z% Thus, Vf =F, ie., f is
the potential of F. O

(b) [3 points] In what direction from P = (0, 1,0) does the potential of F = (y? — 2xz, 2zy, —x?)
las before] increase the most? [Your answer should be a three dimensional vector. Hint:

Don’t let all the terminology confuse you. This is a very simple question. |

Solution. The potential, i.e., f(x,y,z) increases with the highest rate at Vf(P) =
F(P)=(1,0,0). O

Continues on the next page!



(c) [4 points] Let C be the polygonal path [i.e., made of straight line segments] going from
(0,0,0), to (0,—1,0), to (0,0,2) and finally to (1,1,0). Compute /F -dr.
c

Solution. We have, since f is the potential of F, that

/F-dr:f(l,l,o)—f(o,o,()):1—0:1.

C



4) Let C be the triangle with vertices (0,1), (0,—1) and (1,0), oriented clockwise, and
F = (e”,sin(y) — 2x).

(a) [3 points] Sketch C. Draw arrows on C to show the correct orientation.

Solution.

Yy

—_
H"

O]
(b) [3 points] Compute curl,(F). [Remember F = (e”, sin(y) — 2x).]
Solution.
curl,(F) = g(sin( ) —2x) — 2(egc) =—-2-0=-2
N Oz y oy n T
[
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(c) [6 points] Compute fF -dr. [Remember C is the triangle with vertices (0, 1), (0, —1)
c
and (1,0), oriented clockwise, and F = (e”,sin(y) — 2x).]

[Hint: There is an easy way and a hard way of doing this. If you do it the hard way,

you might be pressed on time.]

Solution. Let D be the filled triangle with boundary C. Note that the orientation of C

[clockwise] is the opposite of the boundary orientation! Then, by Green’s Theorem:

]gF-dr:—//Dcuﬂz(F)dA
:—//D—QdA

=2 - area(D)
=2-1=2



5) Let S be the surface given part of the sphere x? + y* + 2% = 13 with 2z < 2 [so we are

“chopping” the top of the sphere at height 2 — see figure below], oriented with normal vectors

pointing toward its center. Let also F = (y, —x,0)

(a)

@V

[2 points] Draw on the picture above an arrow on the curve dS [the boundary of the

surface S above| to show the correct boundary orientation.

[Hint: The boundary is where z = 2]

[4 points] Give a parametrization r(t) of dS. [Don’t forget to give the range of the

parameter ¢.]

Solution. We have, when z = 2: 224+ 9%+4 = 13, so 22 + 4% = 9. Hence, 0S is a circle

of radius 3 on the plane z = 2. Thus,
r(t) = (3cos(t), 3sin(t), 2) .

Since this parametrization goes counterclockwise [when seen from above], it has the

correct orientation. O

[3 points] Compute curl(F). [Remember: F = (y, —x,0).]

Solution.
i j k
curl(F) = a% a% % =(0,0,—1—1) =(0,0,—2).
y —z 0

]
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(d) [6 points| Compute // curl(F) - dS. [Remember: F = (y, —z,0).]
S

[Hint: There is an easy way and a hard way of doing this. If you do it the hard way,
you might be pressed on time. Also, if you need to use (b), and could not find it, use

the parametrization r(t) = (2 cos(t),2sin(t), 1) for ¢t € [0, 7].]

Solution. Since S is a bit complicated, it might be easier to use Stokes’ Theorem. So:

[y -as = Fear

/ (3sin(t), —3 cos(t),0) - (—3sin(t), 3 cos(t),0) dt

o

27
/ —9sin®(t) — 9cos*(t) dt
0

/ —9dt = —18m.
0

10



6) Let W be the box given by 0 <2 < 1,0 <y <2 and 1 <z <3 [i.e, [0,1] x[0,2] x [1, 3]]
and F = (zy,yz,y?2).

(a) [3 points] Compute div(F).

Solution.

: 0 9, 9]
div(F) = %(my) + a—y(yz) + a(yzz) =y+2z+y

(b) [6 points] Compute the flux of F through [or across] OW with the usual boundary

orientation.

[Hint: There is an easy way and a hard way of doing this. If you do it the hard way,

you might be pressed on time.]

Solution. We use Gauss’ Theorem:

I, [l
:/01 UOQ Ul y+y2+zdz] dy} dz
[ [raresa]

! 16
:/4+—+8dz
0 3

16 52
=12+ — ==,
373

v(F)dV
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7) [6 points] Let S be the surface given by the parts of the sphere 22 + y* + 2% = 9 with

x > 0 and z < 0. Give a parametrization of S.

Solution. We use spherical coordinates with p = 3, 6 € [—n/2,7t/2| [for z > 0] and ¢ €

[7t/2, 7 [for z < 0]. So, the parametrization is
G(u,v) = (3 cos(0) sin(¢), 3sin() sin(¢), 3 cos(¢))

with 6 € [—-m/2, /2] and ¢ € [7/2, 7. O

12



8) Let S be the surface given by the parametrization G(u,v) = (u,v,u* —v?) for (u,v) € D,

where D is the disc 22 + y? < 4.

(a) [3 points] Compute the partial derivatives G, (u,v) and G, (u,v).

Solution.
G, = (1,0,2u),
G, = (0,1, —2v)
[
(b) [3 points] Compute G, (u,v) x Gy(u,v) [for G, and G, found in part (b)].
Solution.
i j k
GuxGy=11 0 2u |=(2u,2v,1).
01 —2v
[

(c) [3 points] Give the equation of the plane tangent to S at the point (0,1,—1) in the
form ax + by + cz = d.

Solution. If G(u,v) = (u,v,u* —v*) = (0,1,—1), then (u,v) = (0,1). The normal
vector is then (2-0,2-1,1) = (0,2,1). So, the tangent plane is:

((z,y,2) — (0,1,—1)) - (0,2,1) = 0.

So,
0-(z—0)+2-(y—1)+1-(2—-1)=0 = 2y+2z=3.

Continues on the next page!
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(d) [6 points] Express the surface area of S [the same S as in the previous items] as iterated
simple [i.e., Calculus 2] integrals. [In other words, you will set up the integral that

gives the area of S, but not compute it!]

Solution. The surface area of S is given by:

J[ s = [[ im0
://DHGuvaHdA
://D||<2u,2v,1>||dA

:// VAau? + 402 +1dA
D

27
0

:/ V:\/mfrdr] do.

Continues on the next page!
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(e) [6 points] Let now F = (z,y,xy) and S be as above [given by G(u,v) = (u,v,u? — v?)
for (u,v) € D, where D is the disc x* + y* < 4] oriented with upward pointing normal
vectors. Express / F - dS as a double integral. [In other words, you do not even
need to write it gs iterated simple integrals, simply as a double (Calculus 3,
Chapter 15) area integral, something like / / --+ dA. Don’t forget to give the domain
of integration and simplify the integrand!]

Solution. Note that our normal vectors are upward points, since (2u, 2v, 1) has positive

//SF.dsz//DF(G(u,v)).N(uw)dA
- //D (v = v*,v,uv) - (2u,2v,1) dA

:// 2u? — 2uv? + 20 + wv dA.
D

z-coordinate.

Here D is still the one from the parametrization of S. m
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