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Theorem. Suppose that Ki/F are Galois, with Gi
def
= Gal(Ki/F ), for i = 1, 2. Let also, G

def
=

Gal(K1K2/F ), F ′ def= K1 ∩K2 and Hi
def
= Gal(Ki/F

′). Then,

φ : G→ G1 ×G2,

defined by φ(σ) = (σ|K1 , σ|K2) is such that φ(G) ⊇ H1 ×H2.

Proof. Let σi ∈ Hi and H ′
i

def
= Gal(K1K2/Ki) ≤ G. [We will show there is σ ∈ G such that

φ(σ) = (σ1, σ2), i.e., σ|Ki = σi.]

We have:
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By the Natural Irrationalities Theorem, we have that H ′
i
∼= Hj , where i 6= j, via the map

τ 7→ τ |Kj .

So, since σi ∈ Hi, there is σ̃i ∈ Hj [for j 6= i], such that σ̃i|Ki = σi. Let σ
def
= σ̃1 ◦ σ̃2.

Let α1 ∈ K1. Then, since σ̃2 ∈ H ′
1 = Gal(K1K2/K1), we have that σ̃2(α1) = α1. Thus,

σ(α1) = σ̃1(σ̃2(α1)) = σ̃1(α1) = σ1(α1). Thus, σ|K1 = σ1.

If now α2 ∈ K2, then σ̃2(α2) = σ2(α2) ∈ K2, as σ2 is an automorphism of K2. But since σ̃1 fixes

K2 [as it is in H ′
2 = Gal(K1K2/K2)], we have that σ(α2) = σ̃1(σ̃2(α2)) = σ̃1(σ2(α2)) = σ2(α2).

Thus, σ|K2 = σ2.
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