COMPUTATIONS WITH WITT VECTORS AND THE GREENBERG
TRANSFORM
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ABSTRACT. In this paper we give formulas for the coordinates of the Greenberg transform
of a polynomial over rings of Witt vectors. Besides being of independent theoretical inter-
est, these formulas can be used to obtain improvement on computations with Witt vectors
of arbitrary length in cases where these cannot be reduced to computation on well known

local rings.
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1. INTRODUCTION

Computations with Witt vectors can be quite demanding, as the polynomials that define
the sum and product of Witt vectors are themselves often enormous. (We review some
basic facts about Witt vectors in Section ) In some cases one can perform computations
efficiently by identifying the ring of Witt vectors with a well known ring. This is the case,
for example, for Witt vectors over finite fields, in which case the ring of Witt vectors is
canonically isomorphic to an unramified extension of p-adic integers Z,,.

Unfortunately, in most other cases we lack this canonical isomorphism and need to resort
to the defining polynomial equations to perform operations. One such case is when one
is interested in computing the Greenberg transform of a polynomial. (See Section ) For
instance, [Fin02] gives an algorithm that uses the Greenberg transform to compute canonical
liftings (and the elliptic Teichmiiller lift) of elliptic curves. (Notably, it does not use the
modular polynomial.) Also, in [Finl0b] and [Finl0Oa] the Greenberg transform is used to
obtain information about the coordinates of the j-invariant of canonical liftings as functions
on ordinary j-invariants. (Some details on this can be found in Section @)

In fact, in [FinlOa] we give a precise formula for the first three coordinates of the Green-
berg transform of a polynomial, making computations with Witt vectors of length at most

3 much more efficient. In particular, it makes it unnecessary to compute the potentially
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immense polynomials that define sums and products of Witt vectors in order to evaluate a
polynomial at a Witt vector.

The main goal of this paper is to generalize those results for Witt vectors of arbitrary
length. It should be said upfront that even though this goal is attained and some great
improvement over older methods are obtained, as we show in Section [9] computations can
still be quite demanding for large length.

But, the author’s main motivation was the generalization of his previous results from
[FinlOb] and [Finl0Oa], which deal with question’s by B. Mazur and J. Tate on the coordi-
nate function of the j-invariant of the canonical lifting of an ordinary elliptic curve. (See
Section [9]) Some of these generalization were obtained in [FinIOc] by using the results of

this paper.

2. WITT VECTORS

In this section we will review some of the basic facts about Witt vectors. More details,
including motivation and proofs, can be found in [Ser79] or [Jac84]. Let p be a prime, and
and for each non-negative integer n consider

def

W(n) (X07 L. 7Xn) — Xgn +prn71 + . 4+ pn_ng_l 4 ann, (21)

the corresponding Witt polynomial. Then, there exist polynomials S;, P; € Z[Xy, ..., X;, Yo, ...

satisfying:
W (So, ..., 8) = WM (Xq, ..., Xn) + WM (Yy,....Y,) (2.2)

and
WPy, ..., P) =W (Xy,..., X,) - WM (Yy,...,Y,). (2.3)

More explicitly, we have the following recursive formulas:

1 1 3 3 n
Snp=(Xn+Yn)+ Z;(XTI;_I + qu—l o Sﬁ—l) +et E(X(I)) + YOp o S(Z)) ) (2.4)
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and

Po= o (X5 4 g Xa) (0 4 077

1

P
(P e P

n n—1 n

= (X§ Yo+ X7 Y7 4+ +X0Y5)

1 n n
+ ];(Xg Vi + X0 Y5) (2.5)

1 n n 1 (e} 1
p p P P
+F(X0Y0)—EP0 _”'_];Pn—l

n— n—2
+p (X{’ Y+ XET (VP 4 pYa) +> .

(Note that despite the denominators in the formulas, cancellations yield polynomials with
integer coefficients.)
We can then define sums and products of infinite vectors in AZ>0, where A is a commu-

tative ring (with 1), say a = (ag,a1,...) and b = (bg, b1,...), by
ef
a+b% (Sy(ao, bo), S1(ag, a, bo,br), ...

and

a-b ™ (Py(ao, bo), Pi(ag, ar, bo, by), - .. ).

These operations make A%>0 into a commutative ring (with 1) called the ring of Witt vectors
over A and denoted by W(A).

Since we will deal with Witt vectors over fields of characteristic p, we may use S,, P, €
Fp[Xo,...,Xn,Y0,...,Y,], defined to be the reductions modulo p of Sy, P, respectively, to
define the addition and the product of Witt vectors.

One should observe that simply computing S can take a lot of time and memory. For
instance, for p = 31 the polynomial Sy has 152994 monomials! One way to make the
computation of such polynomials more efficient is to perform most of the computations
directly in characteristic p, i.e., to compute S,, and P, without computing S, and P, by
means of Eqs. and (2.5). (See Section[7])

More generally, one can even avoid computing S,, and P, altogether by using the Green-
berg transform to perform a series of computations with Witt vectors. Computing its
coordinates almost entirely in characteristic p also yields considerable improvements on
calculations. (See Section [6])

Another way in which we can improve computations with Witt vectors is to avoid ez-

panding unnecessary powers: if one wants to evaluate the polynomial (X + Y )% at (a,b)
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with a computer, it is better to first add a + b and then take the 100-th power rather than
ask the computer to expand the power, store the resulting polynomial, and then evaluate it
at (a,b). This saves memory and computations. It is hard to avoid expanding unnecessary
powers when dealing with Egs. and though, as we need to expand powers to
clear the denominators. But, by using some auxiliary functions (defined in Section , we
are able to avoid expanding some of them.

Before we proceed, we review a few more results about Witt vectors that shall be used
later on. Let k be a perfect field of characteristic p, where p is the same prime as used in
W™ above. Since k has characteristic p, it can be shown that W{(k) has characteristic 0
and p is represented by the Witt vector (0,1,0,0,...) of W(k), while p™ is represented by
the Witt vector that has 1 on its (n+1)-th coordinate and zeros in all others. This allows us
to deduce that, since k is perfect, saying that (ag, a1, . ..) is congruent to (bg, b1, . . .) modulo
p" (or modulo the principal ideal generated by p™) is equivalent to saying that a; = b; for all
i €{0,1,...,n— 1}. Hence, we can represent the elements of the quotient of W(k) by the
principal ideal generated by p™ by vectors of length n in a unique way, i.e., we can identify
this quotient with the ring Witt vectors of length n, which we denote by W, (k).

Also, one can show that W(k) is a strict p-ring (as defined in [Ser79]) with residue field
k. (Hence, any perfect field of characteristic p is a residue field of a strict p-ring.) For
example, if ¢ = p” and if we denote by Z, the ring of integers of the unramified extension
of Q, of degree r, then we have Z, = W(F,).

Moreover, W(k) has a natural lift of the (p-th power) Frobenius o of k defined by
o(ag,a1,...) = (o(ap),o(a1),...), and the group of units of W(k) is the set W(k)* =
{(ap,a1,...) € W(k) : ap # 0}.

Before we can make the isomorphism between Z, and W(F,) explicit (with Egs.
and below), we need to define some notation:

Definition 2.1. (1) We denote by 7 the reduction modulo p map, i.e., 7((ag,a1,...)) =

ao.

(2) Let a € k. Then, the Teichmiiller lift of a is the Witt vector 7(a) o (a,0,0,...).
(Hence, 7 is a section of 7 and when restricted to k* yields a group homomorphism.)

(3) Define W(k)* dof {(a0,0,0,...) € W(k) : ao € k}. (This is a multiplicative set.
E.g., if k =F,, than W(k)* is made of all (¢ — 1)-th roots of unity and zero.)

(4) Let a € W(k). Define & (a), for k € Z>, as the unique element of W(k)* such that
a=>7,&(a)p”. (This is well defined since W(k) is a strict p-ring and W(k)* is
a complete set of representatives of k = W(k)/(p) in W(k).)
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With the notation above, we have

a= Z&k m(&o(@)), 7(&1(a)?, m(€(a)”, ) (2.6)

and

o0
(ap,ai,...) ZT (ar) 1/p p. (2.7)
k=0

(Remember we are assuming that k is perfect.)

3. THE GREENBERG TRANSFORM

In this section we briefly review the definition of the Greenberg transform. (See also
[Lan52] and [Gre61].) We will deal only with polynomials in two variables here in order to
make the notation and exposition simpler, but one can easily generalize the obtained results

for more variables.

Definition 3.1. Let f(x,y) € W(k)[xz,y]. If 20 = (zo,21,...),Y9 = (Yo,¥1,...) €

W(Ik[x()v Yo, L1, Y1, - - ])7 then f(a:()vyo) = (an f17 .. ) € W(]k[x()vyOy:Ul?yla .. ]) (IH faCt7
fn € Klxo, ..., Tn,Y0,---,Yn]) is the Greenberg transform of f and will be denoted by 4(f).

Moreover, if
C/W(k) : f(z,y) =0,
we define the Greenberg transform 4 (C') of C to be the (infinite dimensional) variety over

k defined by the zeros of the coordinates f, of 4(f).

It is clear from the definition that there is a bijection between C(W(k)) and ¢(C)(k),
as f(a,b) =0 if and only if f,(ag,...,an,bo,...,b,) =0 for all n. Also, we clearly have

Y(x+1vy) = (So,51,--.) and Y(x-y)= (P, P1,...).

One can recursively compute the coordinates of the Greenberg transform using the fol-

lowing theorem, proved in Section 3 of [Finl0al.

Theorem 3.2. Let f(x,y) € W(k)[x,y] and suppose that 9(f) = (fo, f1,...). If

n)(f077fn) fg ( (mOv"'7$n)7W(n)(y0)"'7yn)) (mOd anrl) (31)

(with W) as in Eq. (2.1)) for some f; € W(k)[xo,...,Ti, Yg,---,Y,], then f; reduces to
fi modulo p.
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Theorem [3.2]above allows us to compute the coordinates Greenberg transform recursively,
generalizing Eqgs. (2.2]) and (2.3)). More precisely, let f, = f, and recursively define

n—1

fn = pln [fa"(W(n)(mO, . 'amn)>W(N)(y0’ T ’y”)) B fgn} B Z

=1

1 n—i
= LA )

Then, f, is the reduction modulo p of f,,.

One of our main goals here is to describe how one can compute the Greenberg transform,
i.e., the f,,’s, more efficiently. In particular, how to do it mostly in characteristic p. In
[Finl0al this was accomplished for the first three coordinates. In Section |§| we generalize
the result to all coordinates.

Note that a formula for the Greenberg transform allows us to evaluate any polynomial
in two variables at a pair of Witt vectors directly, without having to perform the sums
and products or even needing to compute the polynomials that give the sum and product.
This makes computations considerably more efficient. See [Finl0a] for some comparison for

length 3 and Section [J] for larger length.

4. MOTIVATION

Although a formula for the Greenberg transform, as well as the improvement in concrete
calculations that it yields, should be of independent interest, in this section we describe the
problem that motivated the author to obtain a general formula for the Greenberg transform.

Given an ordinary elliptic curve E/k (with char(k) = p > 0, as above), there is a unique
elliptic curve (up to isomorphism), say E/W/{(k), which reduces to F modulo p and for which
we can lift the Frobenius. E is then called the canonical lifting of E. (See, for instance,
[Deudl] or [LST64].) Hence, given an ordinary j-invariant jy € k, the canonical lifting gives
us a unique j € W(k). Therefore, if k" denotes the set of ordinary values of j-invariants
in k, then we have functions J; : k"¢ — k, for i = 1,2,3, ..., such that the j-invariant of
the canonical lifting of an elliptic curve with j-invariant jo € k°™¢ is (jo, J1(jo), J2(jo), - - .)-

B. Mazur asked about the nature of these functions J; and J. Tate asked about the
possibility of extending them to supersingular values.

It was proved in [FinlOb] that the functions J; are rational functions over F,. Tate’s

question motivates the following definition:

Definition 4.1. Suppose that jo ¢ k°? and J; is regular at jo for all i < n. Then,

we call an elliptic curve over W(k) whose the j-invariant reduces to (jo, J1(Jjo), - - -, Jn(Jo))

n+1

modulo p"*! a pseudo-canonical lifting modulo p"*1 (or over W, ,1(k)) of the elliptic curve

associated to jp.
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If J; is regular for all i, we call the elliptic curve with j-invariant (jo, J1(jo), J2(jo),---)

the pseudo-canonical lifting of the elliptic curve associated to jg.

Hence, Tate asks about the existence of such pseudo-canonical liftings. One would not
expect pseudo-canonical liftings to exist, as they would yield curves which although are not
canonical liftings, as those do not exist in the supersingular case, are obtained by the same
formulas. On the other hand, we’ve proved that pseudo-canonical liftings modulo p? and
p3 do exist for specific supersingular values. More precisely, we've studied J; and J; in
detail in [FinlOb] (using many results from [KZ98]) and [Finl0Oa] respectively, proving the

following:

Theorem 4.2. With the notation above and p > 5:

(1) Ji(X) is always regular at X = 0 and X = 1728, even when those values are
supersingular, and (0, J1(0)) =0 (mod p?) and (1728, J1(1728)) = 1728 (mod p?).

(2) If jo & k" U {0, 1728}, then Jy has a simple pole at jo.

(3) J2(X) is always regular at X = 0, even if 0 is supersingular, and (0, J1(0), J2(0))
(mod p3).

(4) If jo & k" U {0, 1728}, then Jo has a pole of order 2p + 1 at jo.

0

In fact, more precise descriptions of J; and Jy are given. All these results were proved
using the formulas for the second and third coordinates of the Greenberg transform. Of
course, the next natural question is to ask about what happens for J3(X), i.e., can we give
a precise description and find what are its poles? To use the same ideas of the proofs for
J1 and Jo, one then needs the third coordinate of the Greenberg transform.

Moreover, initially to even get some examples of J3 for different characteristics (to obtain
a conjecture, for instance) was nearly impossible due to how much memory and processing
power computations with Witt vectors of length 4 over polynomial rings require. In fact, the
only example we were able to compute with 24 gigabytes of memory (and using MAGMA)
was for p = 5. So, this motivated the author to also try to improve computations with Witt
vectors of length 4 or larger, as done for length 3 in [Finl0a] by means of the formula for
the third coordinate of the Greenberg transform.

The applications of the results of this paper to these questions of Mazur and Tate are
dealt with elsewhere. (See [FinlOc|.) But with the formula for the third coordinate for
the Greenberg transform, we were able to prove, for instance, that Jo has a pole at 1728
if 1728 ¢ k¢ and J3 has a pole at 0 if 0 & k°", and therefore pseudo-canonical liftings
do not exist modulo power greater than p?, giving a final answer to Tate’s question. Also,
with regard to Mazur’s question, the third coordinate of the Greenberg transform allows us

to give a precise description of Js.
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5. AUXILIARY FUNCTIONS

As observed before, we are interested in computing the reductions S,, and P, of S,, and
P, directly in characteristic p, or, more generally, we would like to compute the reductions
fn of f,, from Theorem directly in characteristic p. In order to do that, we need a way
to deal with the divisions by powers of p that appear in their recursive definitions, namely
Eqgs. , , and . We now introduce some auxiliary functions which will deal with
this problem.

Definition 5.1. Let p be a prime. Define no(X1,...,X,) def Xi1+-+ X, €Q[Xy,...,X,],

and recursively for k > 1

k ko k1 k—i
def XV 4+ ...+ XP ni(X1,. .., Xp)P
ETNSSICREIHER ) A e
=0

Also, define n;(X;1) =0 for k > 1.

These polynomials are in fact over Z, as we will see in Corollary 5.7, and can be computed
and stored when performing computations with Witt vectors, and will replace the divisions
by powers of p mentioned above. As before, we actually only need their reductions modulo p,
and we will see how we can compute these almost entirely in characteristic p. In fact, seen as
functions, rather than polynomials, we can evaluate these n;’s “on the fly”, without having

to first compute (and store in memory) the corresponding polynomials. (See Section [§])

Remarks 5.2. We have the following immediate remarks about the n;’s.
(1) If 7 is a permutation of {1,...,7}, then ng(X1,..., Xy) = m( X7y, - -+, Xo(r))-
(2)
(X1 4+ X, )P B ka+...
pF Pk
(3) me(X1,..., X, 0,...,0) = nk(X1, ..., X;). (Together with the first item, this means

we can remove any entry equal to zero when computing 7.)

(5.2)

—1

k k —i
+ XP ni(X1,..., X)P"
o Z k—i :
=1 p

Less trivially:

Proposition 5.3. We have that n(Xo,Yo) = Sk(Xo,0,...,0,Y,0,...0). In particular,
(X1, X2) € Z[ X1, Xa).

Proof. We prove the statement by induction on k. For £ = 0 the statement is trivial. Now,
if the statement holds for n;(X;, X2) for all ¢ € {0,...,k — 1}, then it also holds for i = k

by evaluating Eq. (2.4) at (X,0,...,0,Yp,0,...0). O
Although in practice we need nx(X1,...,X,) with » > 2, one can obtain these from

Nk (X1, X2) by a recursion based on r. More precisely:
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Proposition 5.4. For any i > 1, let

M’i,l :ni(le--an)’ M’i,Q :ni(Xn—&-la--an—&-m)’
Mi73 = 77i<X1 + o+ Xan—H +-+ Xn—i—m)y

and, recursively for i > 1, define
Migtj = nj(Mizjrs o, Mijizjt2)

forj€{1,...,i—1}. Then,

Before we prove this proposition, it might be appropriate to make a few observations.
Firstly, the notation is somewhat heavy, and it may make it a bit clearer if one write down
the first few terms that appear. We have: let M; def (M1, M i42), v1 def (X1,...,Xn),
02 ¥ (Xpits s Xm)s 51 L Xy 4+ X, and 55 % Xpp g + - + Xppm. Then,

My = (m(v1), m(va), m(s1,52)),
Mo = (n2(v1), m2(v2), m2(s1, 82), M (M1)),
Mz = (n3(v1), m3(va), n3(s1, 52), m(Mz), n2(M1)),

Also, we would like to observe that the proposition allows us to avoid expanding un-

necessary powers (as explained in Section . This might be better understood with an

example.

Example 5.5. Let k be a field of characteristic p > 0 and a1, a2, as,as € k. Suppose also
that we have computed and stored the polynomials n;( X1, Xs) for i = 1,2, which we assume
for now have integer coefficients. (This is proved in Corollary below.) For instance, we
have

=S () o

=1
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If we want to compute n2(a1, ag, as,as), we can use Proposition which gives us that

n2(a1, az, a3, as) = n2(a1, az) + n2(as, as) + n2(a1 + az, a3 + as)
+m(m(ar, az),m(as, as), m(ar + az, as + as))
= n2(a1, a2) + m2(as, as) + n2(a1 + az, az + as)
+ m(m(ar, az),m(as, as))
+ ni(n(ar, a2) + m1(as, as), mar + az, a3 + ag)).

So, we compute 1;(a1,az), m(as,as), n(ar + a2, a3 + ay), which give results in k, thus
simplifying the computations of other terms, e.g., n1(m1(a1,a2),n(as,as)). If one would
compute first the polynomial ny(X1, X2, X3, X4), it would be necessary to perform similar
computations with polynomials instead, e.g., we would need

p—1

mlm (X, X)X, X)) = 3 (5 (1)) m 6. o) (X, X

=1

which would then expand powers of 1 (X1, X2) and 7 (X3, X4).

The example above illustrates, in a very simple particular case, how one can obtain
ng(ai,...,a,) from ng(X,Y) in a very particular case. Algorithm [1| gives the general re-
cursive procedure to compute M;(ay,...,ay,), for i € {1,...,k} using only 7,(X,Y). To
obtain then n;(ai,...,a,), one just need to add all the entries of the computed vector
Mi(ai, ..., ap).

Before we proceed with the proof of Proposition we need a little extra notation:

Definition 5.6. Let R be a ring of characteristic 0 and f € R[X,...,X,]|. Then, define
fP"] to be the sum of the p"-th powers of the terms of f. (We assume that the terms of f
are collected together, e.g., (X + X 4+ V)Pl = (2X)? + Y7, and not X? + XP + YP))

Also, if f,g € R[Xy,...,X,], we say that f and g are disjoint if there is no mono-
mial in R[X},..., X,] having non-zero R-multiples appearing on both f and g (with terms
collected).

Hence, if f and g are disjoint, then (f + ¢)P"l = fIP"l 4 ¢lP"]. For products we need
different requirements. If f, g, and f - g have exactly mi, meo, and mimsy monomials of
distinct degrees, then (f - g)P"l = fIP"1. glP"],

Proof of Proposztzon . We prove the prop081tlon by induction on ¢. To simplify the nota-

tlon letv = (Xl, ..,Xn+m) and as above, let v1 = (Xl, oy Xp), U2 def (Xnt1s oy Xntm)s

S1 : X144+ X,, 82 déf Xpt1+ -+ Xnim, and M] dﬁf (MjJ, .. .,deq_g). For 1 =1 we
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Algorithm 1 Compute (M (a,...,an),...,Mg(a,..

., an)), using only 7;(X,Y)

function v-ETAS(v = (ay, ...

if n =1 then
return (0,...

end if

if n = 2 then
return (n;(a1,a2),...

end if

m < |n/2|

V1 <— (al,...,am)

V2 — (am+1, .. ,an)

sS1¢ a1+ +an

So < Q41+ -+ ap

x1 < V-ETAS((a1,...,am), k)

xg < V-ETAS((a@m+1, - -, an), k)

x3 < V-ETAS((s1, $2), k)

R« ()

for i+ 1, k do
R[] (a1[i], @ali], ws[i])

end for

for i < 2, k do
T < v-ETAS(R[i — 1],k —i+1)
for t < i, k do

append T'[t — i+ 1] to R[t]

end for

end for

return R

end function

,an), k)

,0)

,Me(ar, az))

> result
> add first three entries to all M;

> add the remaining entries
> temp. var.

have, since s; and sy are disjoint,

(81 + 82)[p] — (81 + Sg)p
p
[p]

52

m(v) =
(p]

p
51

p
— 51 — 53

N st +sb — (s1+ s2)P

+
p p

ni(v1) + m(v2) + ni(s1,82)
= My + M2+ My 3.

p
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Now, assume the result holds for j € {1,...,(i —1)}. We have

(s1+ 82)[”‘} (51 + s2)P = 773(” p N 5[127i] - Szfi S[QM - Sgi
() = - I i
i1 i—j
N 5219 + sg fi(51 +s2)7 Z (M1 + - ;th,jJrQ)p (5.3)
p , p
7j=1
Now, for r =1 or 2, by the definitions of 7, and M, ,., we have
[pl P P
L
and , ;
p' P
S +52 31+52 77] 31732 .
N
Thus, Eq. (5.3]) becomes
i—1 pZ J pl J pl J i—7
MY+ MGy + M — (M4 - + M jga)?
ni(v) = Mig +Mig+Mig+y  —2= 7 2 . (5.4)
p J
j=1
Now,
MY+ M AT = (M 4+ Mgpa)?
pi a
i—j i i )
M7+ Mm+2 M1+ + My2)” " M, +- +Mm+z
pz i plfj ’
and the first fraction of the right hand side above is, by the definitions of 7;,_; and M; 4.,
equal to
7, i—k i—J M l ik
(M . +k,k+3
Z z— —k - Z pz j—k
k=1
Therefore, Eq. (5.4)) becomes
111] pt—i—k 11j+2MPZ]
kk+3
ni(v) = M1+ Miz + Mg + Z*J —rat ZZ . (5.5)
J=1 k=1 j=2 k=4

Now, simple manipulations of summations give us

i—1 i— 1 j—k . 1l i i 1+2 p —1

Z ]+k k+3 Z Z ll j+3 ZZ ll ]+3 Z Z l
z j—k

7j=1k=1 Jj=11l=j+1 =2 j=1 =2 m=4

This equation together with Eq. (5.5)) finishes the proof. O
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Corollary 5.7. We have that n;(X1,...,X,) € Z[X1,...,X,] for all T > 2.

Proof. We prove the statement by induction on r. For r = 2 (and all 7), the statement
follows from Proposition So, suppose that r > 2 and 7;(X1,...,X;) € Z[X;,..., X;]
forall j € {2,...,(r — 1)} (and for all 7).

The statement for r variables now follows from Proposition by an induction on i: the

case of ¢ = 1 follows by the induction hypothesis on r since
nl(Xla s 7XT) = nl(Xla cee 7XT*1) + 771(X1 +- XT*17X7')'

For the second step of the induction (on i) we use again n = 1 and m = r — 1 in Propo-
sition which gives 7;(X1,...,X,) as sums and compositions of 7;(X1,...,X;) where
either £k = i and j < r (and we use the induction hypothesis on r), or k < 7 (and we use

the induction hypothesis on 7). O

Although we will carry on with n; over Z, as it will be convenient in the proofs that
follow, what really is of interest to us are their reduction modulo p, which we shall denote
by 7k, as these functions will always be evaluated in characteristic p. In Section [8|we discuss
how one can compute the 7;’s almost entirely in characteristic p.

We introduce some extra notation.

Definition 5.8. If R is a ring of characteristic p and v = (aj,...,a,) € R", we de-
fine nx(v) = nx(a1,...,a,) as the evaluation ng(X1,...,X,) at v. (This makes sense as
(X1, ..., X)) € Z[X1, ..., X))

Moreover, if f is a polynomial (possibly in many variables) with coefficients in R, we
write vec (f) for the vector that contains the terms of f (after some choice of order for the
monomials). We then may write ng(f) for ng(vec (f)). (It is important to observe that we
are assuming that the terms are reduced, i.e., if f =1+ X + 2X, then vec (f) = (1,3X),
not (1, X,2X).)

With this notation, we have that ¥ (f) (from [Finl0a]) is just nx(f) as defined above.

(The meanings of n;(v) is the same here and in [FinlOal.)

6. THE FORMULA FOR THE GREENBERG TRANSFORM

We will now give a formula for the Greenberg transform that can be computed, for the
most part, directly in characteristic p.
Since the formula is quite involved, we will need to introduce a reasonable ammount of

notation.
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Definition 6.1. If g € W(k)[z, y] is given by g = _, a; jx'y’, then we write
1(9) S D Glaiy)z'y,
i’j
with & as in Definition (Hence, g =3 1o £:(g)p® (mod pt1).) Furthermore, define
(i) def 1 0"
il dxioyi ?

and gzyk - gk( (@:3) )
Definition 6.2. We define ch’];i to be the coefficient of t* in

n—1 n—2 ) n—l =2 ]
" 22l ) by 2l e )

n—1 n—1 n— n 2 2p -1

(E.g., if n > 2, then Di’i =2z o] b ’ +ab yi’ .) Furthermore, we shall denote

def i
= &(Dy)-

Note that if & < r (and r > i), then D,i’:;i =0 and if k # 0, then Dg’g = 0. Also, observe
that:

12
Dk,nl

—1

n—1 n—2 . n—1 n—2
(pai  +p°mh e p ) (oY) Py )
o o0 )
S W ER DI W 9 WL CTIED v o eI
k=r [=0 k=r j=k Jj=r k=r

Definition 6.3. Let f € W(k)[z,y]. Then, for a given n > 0, let (9,.1,...,9..n,) be

the vector obtained by joining the vectors vec ((f“n)w,i’n,j(acgn, ygn)D,i’;;;_k), for r €

{0,...n},i€{0,...,r},5€{r,...n},and k € {r,...,j}. (The ordering is not important.)
Also, recursively, if n > 1, define

def
9n Np+i+l = Tn— 2(91 1yeeny gi,NiJri)’

for i € {0,...,(n —1)}. Then, define,

Np+n

def Z
n = 97’1,2 Y
=1

and S < (S1s- s GnNyan)-

Then, we have:

Theorem 6.4. With the notation above, we have that 4(f) = (fo, f1,.-.), where f, is the
reduction modulo p of

Nn+n n r

n J
n — Z gn,i = ZZ zrfi,nfj(wgnayo ]lgz; k + ZT/H i Z (62)
i=1

r=0 i=0 j=r k=r
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Note that although

Zgnz—zzzz .fg zr in— 3(5170 7y0 )DZ;;;_W

r=0 i=0 j=r k=r

the vector (9p.1,...,9n,N,,) is not, in general, just a reordering of

n r n J o
Z Z Z Z(fan)i,rfi,nfj(mgna ygn)DZ’;;jlfk

r=0 i=0 j=r k=r
as cancellations will likely occur when summing. Defining

n T

noJ
(Gnts s G =vee [ D NS S (F T ivmim (@l yh )DL
r=0 i=0 j=r k=r
does not work in general!

Although Eq. is quite complicated, it simplifies greatly in some particular cases,
such as if we just want up to the third coordinate. In that case, the reduction modulo p of
f2 given here is just Eq. (6.1) in [Finl0a]. See also the examples in Section [7

Moreover, since we are only interested in the reduction modulo p of the f,,, say fn,
we can compute these mostly in characteristic p. For instance, using the bar to denote
reduction modulo p and assuming we have already computed G; for i € {1,...,(n—=1)}, we
can compute G, N, +i+1 for i € {0,..., (n — 1)} directly with G, N, +i+1 = n—i(Gi)-

For Qm with ¢ € {1,..., N, } some computations not in characteristic p are necessary.
We need to compute the reductions modulo p of ( f"n)iyr_i,n_j(:cgn, ygn)D,i’;;;_k, for r €
{0,...n},i€{0,...,r},7€{r,...n},and k € {r,...,j}. Now,

(F7iriin—s (@ W8 ) = &y (SO )b ),
and if g = Z” bi,ja:iyj and b; j = (bij0,bij1,...), then
m(xlg™ @ y") = oWl
ig.k

Thus, we need to compute the coefficients of the partial derivatives f(”_i) modulo p—I+1,
So, one needs to convert integers to Witt vectors (of length p”~7) and multiply then by the
corresponding coefficients of (f(i’r_i))"n. If 7 = 0, then we must have that » =i = 0, and
hence no partial derivative is needed. Therefore, the necessary products of Witt vectors
are done with lengths less than or equal to n instead of (n 4+ 1). More precisely, first order
partial derivatives (i.e., r = 1) are needed only modulo p", second order ones (i.e,, = 2)

n—1

are needed only modulo p"~*, and so on.
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For the terms DZ’Z.C,C, we also need some computations not in characteristic p. Since

(j — k) €A{0,...,n—r}, we need to compute the products
n—1 n—2 . n—1 n—2 .
(b 8%l 4o thwa) (b Yy bty

over Z/p™ "t17Z and convert the coefficients to Witt vectors of length n —r + 1.

On the other hand, it should be observed that all these computations not in characteristic
p are in fact relatively fast, and do not slow down the algorithm. (Most of the time is spent
computing the 7, _;(G;)’s.)

Before we proceed with the proof, we introduce some extra notation.

Definition 6.5. Let K be the field of fractions of W(k). (Note that K = W(k)[1/p].) If
f.g € K[z, y], then we write f =g (mod p) if f —g € (p) = pW(k)[z, y].

Proof of Theorem [6.4. By Theorem it suffices to show that f;’s satisfy Eq. (3.1]) for all
n. We prove this by induction on n.

For n = 0 the result is clear. So, assume now that if r < n, then

WO (foreo s ) = F7 WD (g, . 2), W (yo,. ., y,))  (mod prHh).

To simplify the notation, let g def f°". To prove that the equation above holds for r = n
it suffices to show that

n 7

1 n n
fn= ﬁg(wg ++p e,y 4+ 4+ y,) — (mod p). (6.3)
Using Eq. (5.2), we obtain
n i n—1 N+Z 91) —i n i—1
(S
=2 |2 Z | (6.4)
i=0 | r=1
But
n—1n— 277 pr—i=l n n; pr—i
l Tj—i\Ji)” z
D> —Z >
=0 [=1 =0 j=i+1
n j—1 j n j—1 cp"” Nj+j pnI

1=i5)" ZZ JN““ — Zn: S (6.5)

7j=11=0 7=11i=0 j=1r=N;+1
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Putting Egs. (6.4) and (6.5]) together, we obtain
—1 n—1 N; gfr n—1 N;+i glpr n N;+i gfr

Zm DDt X et X

pn i
i=0 r=1 =1 r= N+1 =1 r=N,;+1

n—1 N; gpn i Np+n
ir

D) I S

=0 r=1 r=Nn+1

17

(6.6)

Using Taylor expansion and Eq. (6.1]), and with the notation of Definition we obtain:

plng(w%’" o P T, Y o D Y,)
_ 1 = (i,r—1i) (0" , p" pnt n ) pn Tt n r—i
=— g (= Ly ey +p ) (Y] o+ P YR)
p r=0 =0
n o r n j 7,7 —1
= ZZg(i’r_’)(mgn,ygn)% (mod p).

Taking into account the factors of p in ("~ and manipulating the summations, the above

equation becomes

1 . .
ﬁg(w’é o p g,y o+ y,)

n Jj n—j i,r—1

n Dy
ZZZZZQ@T zs 7y0)p,]zn;]5k
r=0

=0 j=r k=r s=0

ZT"L

D;
ZZZQ@T i,l—j 330 7y0 ) kZJl u
01

r k=r l=j

l i,r—1

Dy
k,n,j—k
Zzgzr -7 ','BO 7y0 ) Mo (mOdp).

n—I
r=0 i=0 j=r k=r p

I
M:

Iy
o

Now, by definition of Gy, ,, for i € {1,..., N;}, we obtain

1 "
ﬁg(wﬁ o p e,y o+ Y,) =

n—1 T i,r—1i

Ny ! Dy
Zgn,i"i' ZZZZQZT i,l—j m(] ’yO ) ;:,JZ (HlOdp).

=1 1=0 r=0 i=0 j=r k=r

Hence, by Egs. (6.3)), , and , it suffices to show that

ror g
ZZZZ(fUn)i,r—i,l—j(wgnayo 22; k= 29 e

r=0 i=0 j=r k=r
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Now, by the definition of the §;; (and with the notation from Definition [5.6)), we have
that
N, o l r 1l 7 l .
Zgzr :Z ZZ((fJ )zr i,l— J(w0>y0 )D;c;,]zk)[p ]
r=1 r=0 =0 j=r k=r
Moreover, since D’ ]i e and ( f"l)” il ](:L'O . Yh ) are disjoint and involve different vari-
ables, we have that

n—1 1 n—1

(F i (@b D)) = (P ar—iima (el )P DL
Thus, our problem reduces to proving that
(f””)i,rfi,zfj(w’én, y’én) = ((f“l)i,rfi,zfj(w’él,y%f)) o
and

i,r—1i ,r—i \[p" 7Y
Dkn,j k <Dk,l,] k) '

For the former, first observe that the Frobenius homomorphism ¢ acts trivially on Z, and

hence, (f7°)@r=0 = (FGr=0)7"  Moreover, with the a;j € W(k) and a; ; © &r(agj), we

have that o®(a;;) = > roq af;.’kpk. So, (£7 )ir—it—j = §l,j((f(” 9)7°) has as coefficients
the p*-powers of the coefficients of f;,_;; ; = El,j(f(i”"*i)). With these observations, the
(first) desired equality follows immediately.

For the latter, first observe that if s > [ (and since [ > k), then there is no term in either
x5 or y, from

1 n_2 . n—1 n—2 3
(taf + Py ot by Y ety

appearing in Dk n i, as such a term would have degree (in t) at least s > [ > k. So, Dl o7

is the coefficient of the term of degree k (in t) of
pn—l 2 pn—2 1 pn—l i pn—l 2 pn—2 1 pn—l r—i
(txzy, +txy, +---+tx )(ty] +ty, +---+ty ),
while DZ’Ti the coefficient of the term of degree k of
-1 1—2 ; 1—1 1—2
(taf 25+ tm) by Y e+ tlyz)r"

Now, since the coefficients of D}, ' are integers, the coefficients of Dk ! j ;; are invariant by

powers of p. Therefore, it becomes clear that

i,r—i i,r—i \[p"Y
Dk n,j—k (Dk,l,jfk) ’

finishing the proof. g
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7. SUMS AND PRODUCTS

As seen in Section [3] the Greenberg transform generalizes the sum and products of Witt
vectors. Thus, we can apply Theorem to obtain the S; and P;.

It should be observed that these equations have less importance now, as they are not
necessary, in general, to perform computations with Witt vectors. On the other hand,
the propositions below also give a method to compute sums and products of Witt vectors
directly, i.e., without computing the polynomials .S; and P;, but using the auxiliary functions
7n; instead. (See Example below.)

Proposition 7.1. Define recursively for k > 0 (and a given prime p):

def def
Sk1 = Tk, Sk2 = Yg,

and for k>0 andi € {0,...,k— 1},

def
Skoti = Me—i(8i1,- .., 8iit2).

Then:
n+2

n—zs z—xn+yn+z77n i 117---782',1'—4—2) (mOdp)'

Proof. We just apply Theorem with f =« +y. So, f7. is zero unless r is either

,r—1,n—]J
i, —1

0 or 1, and j = n. Moreover, for r equal to 0 or 1 (and 0 < i < r), we have that Dk7njfk is
zero unless k = j. Since j = n, we then have k£ = n. Hence, for n > 0,
ZSM 5 95 ) DA IR D
r=0 i=0 j=r k=r
0,0
= («f + )D 0+D O+Dnn0
Recalling now Remark the proposition follows immediately. O

Maybe it is worth seeing an example of how one can use this proposition to perform sums
of Witt vectors.

Example 7.2. Assume we have computed the polynomials 75 (X,Y) € F,[X,Y] for k =1, 2.
To add (1,1, 1) and (2,0, 1) in W5(F3), say (co,c1,¢2) = (1,1,1)+(2,0,1), we have 891 =1
and §p2 = 2. So,

co=801+802=1+2=0.
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Then, we compute 75 (80.1,80.2) = 7k(1,2), for & = 1,2. In this particular case, both of

these are equal to zero. Thus,
c1=811+812+813
=140+7(1,2)=140+0=1.
Finally, we need 7_]1(8171, 8172, 8173) = 7_]1(1, 0, 7_]1(1, 2)) = ﬁ1<1, 0, 0) = 0. Then,
2 =821+ 822+ 823+ 824
=14+ 14 01(81,1,81,2,813) +72(1,2)
—14+140+0=2.
The formula for P, is similar.

Proposition 7.3. Define recursively for k > 0 (and a given prime p): fori € {1,... k+1},

and for k> 1 andie€ {1,...,k— 1},

def
Prprii = Me—i(Pits .-, Pi2i)

Then, for n > 0:

2n n n—1
k—i 7
P, = Z Pri = Z ' yh o+ Z NMn—i(Pit,. .., Pi2) (mod p).

Proof. We just apply Theorem |6 . with f = xy. So, fZ r—in—; is zero unless r is either 0,
1, or 2 (in which case we need i = 1), and j = n. Moreover, since i and r — i are either 0

or 1, we have that D

LTt _ is zero unless k = j. Since j = n, we then have k = n. Hence,

for n > 0,
Z A 3 3 ) NI NENRE ST
r=0 :=0 j=r k=r
0,0 1,0
= (mO yO )Dnn0+w0 DnnOerO DnnOJannO
n— i .
= 0+af y, + @yl + (Z al y%) :
i=1
Recalling now Remark the proposition follows immediately. O

8. COMPUTING 7, IN CHARACTERISTIC p

In this section we show how one can compute 77;(X,Y) almost entirely in characteristic

p. (We do need to convert some binomial coefficients to Witt vectors, which is not done
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in characteristic p.) In fact, this new method, together with Proposition allows us to
not have to store these polynomials at all and compute 7 (a1, ...,a,), for a;’s in a ring of
characteristic p, on the fly.

We will need the following elementary lemmas:

Lemma 8.1. Let v, denote the valuation at p. Then, if 1 < a < p¥, we have that

v (pk> =k —vp(a).

a
Proof. We prove it by induction on k. The case of kK = 1 is trivial.
Now, suppose that for all ¢ € {1,...,p*"1 =1}, we have Vp (pkq_l) = (k—1)—vp(q). Since

(2)- (It —wo0) i)

k a a
p . .
vp<a> = vp" —a+i) =D vp0). (8.1)
i=1 i=1
Let a = gqp+r, with r € {0,...,(p — 1)} and define € as 1 if » = 0 and 0 otherwise. Thus,
vp(a) = €(vp(q) +1). Then, Eq. (8.1) and the induction hypothesis give:

we have

k q q
(%)) = st o Got ) =3 vilin)
=1

a ;
J=¢€
q

= (1= —ap) + D v =g+ 4) =D vp(h)
= j=1

= (1= e)(vpla) + 1) + v, <pkq_l>

=1 —e)(vp(q) +1) + (k= 1) — vp(q)
=k —e(vp(q) +1) =k —vp(a).

0

t

Lemma 8.2. We have that if 0 < t < k, then (X + 1)P' = (X?"" + 1)?' (mod p'*!). In

particular, if 0 < j <t andic {1,...,p" — 1} with p{i, then

1/ p"\_ 1/ t— 1

Proof. Clearly (X +1)P"" = X?*™" 414 pf(X) for some f € Z[X]. The result follows from
raising both sides to the p’-th power.

For the second part, use the first part and Lemma to compare the coefficients of
X% from (X +1)?" and (X7 +1)7". O
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We now introduce yet some more notation.

Deﬁnition 83. Let 0 < j <kandie€{l,...,pY —1} with p { i, and define Bin, ;1 def

) bin, ; ;. def £k—;(Bin, j ), and bin, ; def m(bin; ;). (Remember 7 denotes the

reduction modulo p.)

Lemma 8.4. Let 0 <r <k andi € {1,...,p" — 1} with pti. We have that

k—r

Bin; . = Z bin; , ;4 P (mod pk_rﬂ).
=0

Proof. By Lemma we have that Bin;,; = Bin;,,4; (mod pt) for 0 <1 < k—r.
Then,

l

l
Bin, ;= > &(Bini,p)p’ =D &(Bing o p1)p’
t=0 t=0
-1

= gt (Binim,r-i-l)pt + bini,r,r+l pl (IHOd pl+1)
t=0

Thus, by the uniqueness of the representation, we have & (Bin,, ;) = bin; , ,1; for 0 <1 <
k — r. Since also &;_(Bin,, ;) = bin, ,.;, by definition, the lemma follows. O

Definition 8.5. Let

k pi—1

ph—i  pk_ipk—i
E E p~—p
(NkJ, .. Nk Nk = vec bll’lm kxo Yo
7j=1 =1
pli

Inductively, fork>1landl € {1, ceey (k—l)}, let Nk,Nk+l déf nl(Nkfl,la R 7Nl€fl,Nk,l+kfl71)-
def — def — def . _
Also, let N, = (Ni 1, oo N nvk—1)s Nii = 7(Nii) € Fplzo, yol, and N = Ny 1, -+, Ni v k1)-

Theorem 8.6. With the notation above, we have that

Ni+k—1 p—1 ok
bk he e
7k (20, Yo) Z Nkz—z > bingprd b P Y m(Ne)-
7=1 ZMI =1
7

Remark 8.7. Note that
kol k—j ki k—j -l pk k
. ink—7 _ipk—J ; —1
S>3 b = S (6 (<)) it
7j=1 7,p:)[1 =1
(A

pF-1

1 P i, pF—i
e e
i=1
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Proof. We prove the theorem by induction on k. The case k = 1 is trivial.
Assume now that the statement is true for any integer from 1 to (k — 1). We then have,

by the induction hypothesis and using Eq. (5.2)), that

pk k—1 pk—i
" +y? — (z+y)P n; (@, y)”
(@, y) = ok Z jpk‘iy
7j=1
J_1 k—1 [Nj+j—1 k—j ph—i—l
1~ ink—d  pk_ipk—i ! Np 77l
— p* y? T T
_Zpk]ZBan]km p Z k]l
j=1 i=1 j=1 r=1
p)m
We also have by definition of N;, that
Nj+j—1 Np’“ﬂ j p-1
j7T - -r -7
Z k—j = Z Z ban r,j Z p " + an ji— l
r=1 p r=1 lpfl

Also, note that, again by definition, we have 1;(N;_;) = N; v, and

k—j k—j—1 k—t k t
m(N;)P Z nHNJP Z tNt"rtJ
k: —i = = :
=1 t=j5+1 t=j5+1
Thus, we get
kE pl-1 k-1 j p"—1 pk—i
_ Blnmk Zpk j p—zp = bln“,j —r ok _jpk—T
(e, y) = T Yy
j=1 i=1 p j=1r=1 i=1 p
pfi pfi
k—1j— lNk J k t
]N+l Z Z tNt+t Tt Ni+t—g (8 2)
j=11=1 j=1t=j+1
But,
k—1j—1 \P k t
STy M
j=11=1 j=1t=j+1 p
k —J

k=1 ph—t

_ k—1
Z 3N+l +ZZ tNt+t —j ZNkaJrk i = ZNk,Nkﬂ" (8.3)
P =1

t=2 j=1

k=17

=21
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Also,
kE pi—1 k—1 7 p"—1
)BT 3 3 sl R
Jj=1 i=1 j=1r=1 i=1 p
pfi pli
k pi—1 k—1p"—1
_ Z Z B1n7,7] k Zp p *zp =J Z Z Z blnl 7»,] mipk_rypk*ipk_r (84)
Jj=1 i=1 r=1 =1 j=r
pti pti
k
p—1 k—1p"—1 k-1 ..
Blnlrk bin; ;. ; k=T pk_iph—T
= E Blnlkkwy s Z ZT_] x Yy .
r=1 =1 j=r p
M’L ()
Now, applying Lemma
. k—1, . k—r—1
Bll’limk blnimj . 1 . bi 1y bi
T r—r k—j  k—r Blni,r,k - Z NG pr1 P | = DMk (mOd p)-
p ~ p p

Since also Bin, j ;, = bin, ; ; (mod p), Eq. (8.4) is congruent modulo p to

k pr—1 .
35 b =3
r=1 i=1
pti
Together with Egs. (8.2]) and (8.3)), this gives the desired result. O

Theorem gives an algorithm, made explicit as Algorithm [2| below, that allows us
to compute (a1, ...,a,) directly in characteristic p, except for the bin, ; 5, and without
having to pre-compute or store in memory any auxiliary polynomials.

It should be noted Algorithm [2| as described, computes some terms many times over, due
to the numerous recursions involved. One could probably improve it by storing the terms
which will be needed later, but this is not entirely trivial. One could also just save all terms
which have been computed, which might be wasteful, but could save some computing time.
But, although there is certainly room for improvement, Algorithm [2] can still be useful, as

one can see in the examples in Section [0

9. SOME CONCRETE COMPUTATIONS

In this section we show how the methods from the previous sections yield great improve-
ments in some concrete examples. The computer used was a Dell Precision 690 server with
two dual-core 3.2 gigahertz Inter Xeon processors, 16 gigabytes of RAM, and 8 gigabytes of
swap, running Fedora Core 11 (GNU/Linux) with kernel 2.6.30 (64 bit). The software used
in the computations was MAGMA (versions 2.16-6 and 2.16-11). More examples can be
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Algorithm 2 Compute (Mi(ay,...,an),...,Mg(ai,...,a,)), given bin,;, for j €
{1,..,k},ie{1,...p) — 1} \ pZ.
function V-ETAS-P(v = (aq,...,ay), k)
if n =1 then
return (0,...,0)
end if
if n =2 then
R+ () > result
for t < 1,k do _ '
R[t] « (bingj;a? "l P . je{l,.. t}andie{l,...,p) — 1} \ pZ)

end for
fort=1,k—1do
T < V-ETAS-P(R,k — t)
for s=1,k—tdo
append T'[s] to R[t + 5]
end for
end for
return R
end if
m < [n/2]
v < (a1y.. ., Qm)
v < (Amt1y---,0n)
S14 a1+ +am
82 4= Gm41+ -+ ay
X1 ¢ V-ETAS-P((ay,...,am), k)
X9 < V-ETAS-P((Am+1,---,0n), k)
x3 <— V-ETAS-P((s1, $2), k)
R+ ()
for i < 1, k do
R[i] = (1[i], z2[d], 3]i])
end for
for i «+ 2, k do
T < V-ETAS-P(R[i — 1],k —i+1)
for t + i, k do
append T'[t — i + 1] to R]t]
end for
end for
return R
end function

> temp. var.

> result
> add first three entries to all M;

> add the remaining entries
> temp. var.

found at [FinlOal in the case of length 3, where the formulas and algorithms are particularly

simpler.

As we have seen there are two ways to compute 7jx(ai,...,a,): using Algorithm (I} in

which we first have to compute and store the needed 7;’s, or using Algorithm [2| in which
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we just need to compute and store the bin; ; ;, which is much faster and requires much less
memory.

As a first example, for p = 11 we’ve computed S3 using the recursive formula and
using Proposition with Algorithm The former took approximately 130.56 hours,
while the latter took approximately 7.20 hours. The computation of 7;(X,Y) for i = 1,2, 3,
necessary for this second method, takes only 0.19 seconds in this case.

The 24 gigabytes of memory available were not enough to compute Sy with either method.
On the other hand, we do not need S; to add Witt vectors with our new methods. Using
Proposition [7.1], we can add Witt vectors using the #;’s. For instance, we can add two
vectors in Wg(F;j10) in about a second (on average) using Algorithm (1} after we spend
approximately 3.61 hours to compute the 7;(X,Y) for i € {1,2,3,4,5}. (Although this
might seem as long time, remember that it took 7.20 hours to compute S3 and we cannot
even compute Sy with the memory available.) Using Algorithm [2| we need only 5.750
seconds to compute the necessary bin; ;. (from Theorem , but then it takes us about
26 seconds on average to add two Witt vectors in Wgs(F110). So, in this case Algorithm
would certainly be more efficient if we ones does not need too many additions.

Also, as observed in Section [3, one can evaluate a polynomial in two variables at a pair
of Witt vectors directly using Theorem [6.4] thus avoiding computing sums and power of
Witt vectors. Let then

flxy)= Y aa'as’ € Wk, y] (9.1)
0<i,5<d

and o, yg € Wy41(k). Table[9.1{shows the time and memory usage in examples with a; ;’s,
o, and y, randomly chosen in the finite field k with the two approaches, i.e., performing
the sums and products of Witt vectors and using the formula for the Greenberg transform.
Note that the addition and multiplication of Witt vectors performed in these tests were done
in the improved way described above, i.e., using the 7;’s instead of computing the S;’s and
P;’s. We've used Algorithm [I] for both, and it should also be observed that the times to
compute the 7;’s (for i < n), which are then used in both methods, are shown separately in
Table 0.11

As observed above, there are more efficient methods to perform operation with Witt
vector over finite fields, namely, by identifying W,,11(F,) with Z,/p"*1, as observed in Sec-
tion [I]and made explicit in Section[2} If it then seems somewhat artificial to use Witt vector
over finite fields in our examples, note that the running time of the algorithm basically de-
pends on the number of operations in the field (or ring) of the entries of the Witt vector,
and therefore these examples give an idea of how these new methods require fewer opera-

tions. In the case of, say, polynomial rings, the operations will demand a lot more time, but
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Sum and Prod. GT form.

k |[n| d | 7 time (sec) || time (sec) | mem. (MB) || time (sec) | mem. (MB)
F310 | 9|20 108.78 433.31 12.22 130.28 16.40
Frio | 6] 20 3554.78 2410.49 28.00 600.23 28.62
Fiq10 | 5|20 5794.89 3564.62 37.44 839.37 30.88
Fi310 | 5| 15 29854.75 4608.84 70.63 1045.08 49.00
Figo | 4 | 15 2760.36 2301.17 32.44 983.08 26.72

TABLE 9.1. Times and memory usages to evaluate random f €
Wi i1(k)[z, y], where deg,, f,deg, f < d, at random (xo, y)-

Characteristic || time (in sec.) | memory usage (in MB)
7 7.300 40.97
11 421.09 1010.03
13 6542.590 4175.28

TABLE 9.2. Times and memory usages to compute Js.

one can expect comparable improvements in relative terms. (It will also be more efficient
in terms of memory!) Choosing finite fields for these tests allowed us to have some quick
examples, as computations can take a long time and a lot of memory in other examples.

In any event, we now provide some examples over different rings. As an example over
polynomial rings, we computed the Greenberg transform of a polynomial as in Eq.
with k = I3, n = 3, and d = 5, again with coefficients a; ;’s randomly chosen. In this case,
using sums and products of Witt vectors (with @ = (xg,x1, 22, x3) and y = (yo,y1,¥y2,¥3),
where x; and y; are indeterminates) the computation took 6590.43 seconds and used 636.44
megabytes of memory. On the other hand, using the formula for the Greenberg, it took
359.07 seconds and used 255.59 megabytes of memory. So, the gains are even more signifi-
cant in this case.

Another example would be the one mentioned in Section 4l As mentioned there, using
simply the polynomials for sums and products of Witt vectors, we could only compute
Js for p = 5. (Remember that the J;’s are the rational functions such that given an
ordinary j-invariant jo, the j-invariant of its canonical lifting is (jo, J1(jo), J2(Jo), - - .). This
computation involves computing the Greenberg transform of the modular polynomial.) This
computation took 407.089 seconds and used 376.78 megabytes of memory. Now, with
Theorem above, we can compute Js in 0.480 seconds and using only 21.28 megabytes,
and we could compute some new examples. The time and memory usage for these are shown
in Table (The case of p = 17 used over 24 gigabytes of memory and therefore crashed
still incomplete.) In particular, these computations were useful to show that Conjecture 10.1

from [Finl0a] holds p = 11, i.e., J3 has a pole of order 112 at zero in this case.)
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It should be also noted that these computations of the J3’s can be improved by studying

what happens with the Greenberg transform of @, (X, Y") when evaluated at ((xo, ..., x3), (zh, . ..

as likely many of the terms that appear will vanish, as happens for Jy. (See Theorem 5.5
and Table 5.1 of [Finl0Oc].) These improvements come from analyzing the fourth coordinate
of the Greenberg transform in this particular case, and therefore Theorem was crucial.

Thus, despite still often requiring a lot of resources, the results presented here can still
yield considerable improvements over previous methods. The MAGMA routines that were
used on the tests presented here, including implementations of Algorithm [IJand Algorithm 2]

are available at the time of writing at

http://www.math.utk.edu/~finotti/witt/.
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