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We first find upper bounds for the degrees of the coordinate functions
of the elliptic Teichmiiller lift of an ordinary elliptic curve over a perfect field
of characteristic p > 0, giving exact conditions for the bound to be achieved.
Also, we give an algorithm to compute the reduction modulo p? of the canonical

lift and the elliptic Teichmiiller.

Next, motivated by coding theory, we look for lifts with degrees smaller
than the degrees of the elliptic Teichmiiller, finding again some upper bounds.
We obtain some more precise information about those lifts modulo p3, such as
precise degrees and verify that we can lift of the Frobenius on the affine parts.

We again show how to compute those lifts.

We then compute lifts of hyperelliptic curves with “small” degrees, give
a lower bound for these degrees and conditions to achieve this bound. Finally,

we give an example of a lift that is possibly a Mochizuki lift.
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Chapter 1

Introduction

Let k£ be a perfect field of characteristic p > 0. An elliptic curve E over k
is ordinary if E[p"| = Z/p"Z, for all r > 1. If p # 2 and E is given by an
equation

Efk: = f(xo),

then F is ordinary if, and only if, the coefficient of 25" of f(x0)®~V/2, say A,
is non zero. (Theorem V.4.1 of [7].) This A is called the Hasse invariant of
E. (Note that this implies that if o is the Frobenius of k£ and F is ordinary,
then E? is also ordinary. Also, our definition is different from the one given

in [7]: if A # 0, Silverman defines the Hasse invariant to be one.)

Ordinary elliptic curves have associated to them canonical lifts over
the ring of Witt vectors W (k) (see [2]), meaning that for every ordinary E/k
we have a unique (up to isomorphism) elliptic curve E /W (k), whose reduction
modulo p is E, and a lift of points 7 : E(k) — E(W(k)), called the elliptic

Teichmiiller lift, that is an injective group homomorphism. Moreover, if we

also denote by ¢ the Frobenius of W (k), i.e.,

(ag,ai,as,...)° = (af,af,a3,...) = (ah,a},ds,...),



the canonical lift of E7 is E? and if ¢ : E — E? is the Frobenius (for curves
over k), there exists a lift of the Frobenius associated to 7, i.e., a map, that
we will also denote by ¢, from E to E° that makes the following diagram

commute:

(In fact, one has that ¢(7(P)) = 7(P)?, for all P € E(k).)

Thus

(0, 50) ¥ (@,y) = (20,21, 72, - ), (Yo, Y1, Y2, - -))-

We notice that we can always identify E/W (k) with its Greenberg trans-
form G(E)/k, that is the infinite dimensional scheme given by the equations
(over k) that appear in the coordinates of the equation of E. With this iden-

tification, 7 becomes simply

(ZBo,yo) o ($0>ZB1>$2, < Y0, Y1, Y2, - )

(In this perspective, the map 7 is defined over k.) As we shall soon verify

(proposition 2.2), the z,,’s and y,,’s are polynomials in zq and yp.

Voloch and Walker in [9] applied this theory of canonical lifts of elliptic
curves to construct error-correcting codes. In that paper, the degrees of x,
and y, have some importance in estimating exponential sums, that tells us

how “good” the obtained codes possibly are.

In chapter 2 we analyze the degrees of the elliptic Teichmiiller lift,

giving upper bounds and finding when the degrees are strictly less than those



bounds. Also, we describe an algorithm to compute the reduction modulo p?

of canonical lifts explicitly.

While trying to compute canonical lifts, I found some lifts modulo p3
that I thought to be the canonical, but as it turned out, those lifts were defined
only on the affine part of the curve. On the other hand, those lifts had degrees
smaller than the elliptic Teichmiiller itself, and for the purposes of constructing
codes, those might be even better, since smaller degrees would probably give
better codes. In chapter 3, we discuss the existence of such lifts, analyze the
possible degrees and check when the Frobenius will lift for the affine parts of

the curves.

Voloch and Walker in [8] also used non elliptic curves to construct codes.
On the other hand, if the genus of the curve is greater than 1, there is no lift
of the Frobenius. (See [5].) We can construct lifts though, by purely algebraic
techniques, which is done also in chapter 3 for hyperelliptic curves, since the
techniques are the same as the ones we would use for elliptic curves. But in
chapter 4 we look at the minimal possible degrees with a more theoretical
approach, finding a lower bound for the degrees and a necessary condition to

achieve that bound. (The condition also seems to be sufficient!)

Finally, on the last part of chapter 4, we try to find a Mochizuki lift
of a curve of genus 2 in characteristic 3. In [4], Mochizuki proves that if we
take off an appropriate set of (p — 1)(g — 2) points of an “ordinary” curve of
genus g over a perfect field of characteristic p, we have the existence of a lift
with “small” degrees for which the Frobenius lifts. Not many examples of such

lifts are known, and in this last part of the chapter, we follow an idea given to



the author by Voloch, to try to find an example. We computed the lift modulo

p? to verify that we can indeed lift the Frobenius, at least modulo p3.



Chapter 2

Degrees of the Elliptic Teichmiiller Lift

2.1 Introduction
Let E/k be an ordinary elliptic curve over a perfect field k of characteristic
p > 0. If p # 2,3, we will assume that such a curve is given by the equation:
E/k‘ yg:l‘g+a,ol’0+b0.
Let
E/W(k): y*=z*+ax+b,
be its canonical lift, where a = (ag,aq,...) and b = (bg, by, ... ).

We will consider only ordinary elliptic curves, and thus, for p = 2 and
p = 3, we will always assume, by extending k if necessary, that FE has the
forms y2 + zoyo = 3 + ap and y2 = x3 + 22 + ay respectively, and we can

assume that their canonical liftings have similar forms.

Let 7 : E(k) — E(W(k)), denote the elliptic Teichmiiller lift of E:

(Zlfo,yo) - (mvy) = ((370,1'1,1'2, . ‘)7 (y07y17y2a .- ))7

or, identifying E/W (k) with its Greenberg transform G(E)/k, we can see T as

<x07y0> 'l) (.130733'17372, - Yo, Y1, Y2, - - )



For n > 1, theorem 4.1 in [9] tells us that degz, o 7 < 2""!p™ and
degy, o7 < 3(2p)". In that same paper, better bounds were proved for n = 1
in proposition 4.2, and we use similar ideas to improve the bounds for n > 1.

The goal is to prove:

Theorem 2.1. An upper bound for the degrees of the composition of T with
coordinate functions x,,’s is (n+2)p™ —np" ', and with the y, s is (n+3)p" —

n—1

np

We may sometimes write, for simplicity, =, meaning x, o 7, and the

same for y,, © and y.

Proposition 2.2. The function x, is a polynomial in x¢ and the function y,
is a polynomial in xo and yo. Moreover, if p # 2, then vy, is a product of yg

with a polynomial in xg.

Proof. We have that 7 is a morphism from E to G(E). Thus, the maps have
to be given by rational functions on x and y, over k. But using the equation
defining F/, we may write

Fi(w0) + y0G1(20)
Fy(x0) + yoGa(xo)’

Ty =

where the F;’s and G;’s are polynomials.

Since 7 is injective, the only point mapped to O, the origin of E, is O,
the origin of E, i.e., 7 maps the affine part of E into the affine part of E. So
x, cannot have poles in the affine part of E, and therefore the denominator of

x, can be taken to be constant. Thus, we can write

xn, = F(x) + yoG (o),



with F' and G polynomials. A similar argument shows that y,, is also a poly-

nomial in xy and yp.

If (x9,50) € E(k), then its inverse with respect to the group law is
(o, =Y0), for p # 2, or (xg, zo + o), for p = 2. Since 7 is a homomorphism,
for p # 2, we have that 7(zo, —yo) is the inverse of 7(xg,yp). But if

T($an0) = (x(]vxlv"wxiv’"7y07y17"'7yi7"') = (m7y>7

since the inverse of (x,y) is (x, —y), we get

T(.To, _y(]) = (w’ _y> = (x(]vxlv ey Ty ee ey Yo, Y1 -y Y - ')7

observing that for p # 2,

ThU_S, Ly © T(an yO) =Tp o0 T(an _yO)a i-e') F(xO) + yOG(xO) = F($O) -
yoG(x), what gives us G = 0.

A similar argument with inverses gives the result for y,,.

If p =2, we just need to observe that z,(zo,yo) = Tn(x0, To + ¥o), i-€.,

2oG(z9) = 0, for any zg. Thus G = 0 and z,, is a polynomial in x.

O

Thus, degz, = —ordp x,, and degy,, = —ordp y,. (Unless mentioned
otherwise, we will use the word “degree” for degree as functions on FE, not
as polynomials.) Then, we may look at ordp instead of deg to prove the
theorem, i.e., it suffices to prove that ordpz, > —(n + 2)p" + np"~ ! and

ordo Yn > —(n + 3)p™ +np" L.



2.2 Witt Vectors and Valuations

Let p be a prime, and for any non-negative integer n consider

def

Wn(X(), cee Xn) — X(I)?n _'_prnfl 1. +pn—1X£_1 +ann’

the corresponding Witt polynomial. Then, there exist polynomials S,,, P, €
Z[Xo, ..., Xy, Yo, ..., Y,] satisfying:

W, (So, ..., Sn) = Wo(Xo, ..., Xp) + Wa (Yo, ..., Ya) (2.1)
and
Wy (Po, ..., Py) = Wh(Xo,..., X0n) - Wi (Yo, ..., Y,). (2.2)

(See [6].)

Thus, if s = (sg, s1,...) and t = (o, t1,...) are Witt vectors, we have
by definition

def
s+t = (SO(SOa t0)> 51(50, S1, to,tl), .. )

and
def
s-t = (Po(So,to), Pl(S(], Sl,to, tl), Ce )
We may write, to simplify the notation,
def
Sn(s, t) = Sn(S(), ey Sny t(), c. ,tn)
and

Po(s,t) ¥ Po(so,. .y smto, . tn).

We start with an elementary lemma that we shall use soon:



Lemma 2.3. Let v, denote the p-adic valuation on Z. Then

i
vp<(€)pi) =t+i—v,(i), fori=1,...,p"

(=1 o)

l

In particular,

Proof. We prove it by induction on ¢. The case ¢ = 1 is trivial. Now suppose

true for some i < p' and we prove for i + 1. We have
v P’ pi—i-l — P’ piﬁp
PANG+1 P i 1+ 1
=t+i—v,(i) +v,(p —i) —v,(i+1)+1
=t+(i4+1) —v,(i + 1)+ (v,(p" — i) — v,(4))

— (i +1) — i+ 1),
and the last equality holds since i < p'.

The last part is trivially true, since i > v,(3). O

Now, let K be a field of characteristic p > 0, and let us consider W (K).
Since the entries of our Witt vectors are in characteristic p, we can use the
polynomials S,, P, € F,[Xo,..., X, Y0,...,Y,], that are the reductions of

Sy, P, modulo p, to give us the sum and product of Witt vectors.

We now introduce four technical lemmas that will be useful in estimat-

ing degrees.

Lemma 2.4. The monomials [] X" Hijj (disregarding the coefficient) oc-

curring in P, satisfy

Zaipi:ijpj:p" and Zz’aipijLZjbjpj <np".



Moreover,
pn = ZXf)nﬂYfiz + Qm
i=0
where Q, € Fy[Xo, ..., Xn_1,Y0,...,Yn 1] and has its monomials (as above)

satisfying > ia;p' + >, jb;p! < np".

Proof. We prove it by induction. The case n = 0 is trivial, since Py = X(Yj.

Now assume the lemma true for all t < n — 1. We have:
1

Pu= [0+ 0 X ) -
(Pé’" +o- +p"‘1P5_1>}

— (XUY + XTIV 4 XY

1 n n
+ ];(Xé’ Yo+ + X0 Y9 ) (2.3)
b (XPYP - =P ZpP

p”( o Yo ) Iz 0 P 1

4p (X{’"“Yn FXTTY 4 pY) £ ) .
First we observe that the above polynomial has its coefficients in Z. Also the
part that is a multiple of p doesn’t contribute to P,, and so we can disregard

that last line of the equation above.

Fort = 0,...,n— 1, write P, = P, + pR,, where we collected all the
monomials of P; that have coefficients divisible by p in pR;. By the induction
hypothesis, P, also satisfy the lemma. So, now we look at the contribution of
I%P,’Zt_t to P,: that is given by the monomials of f’,ft_t (by lemma 2.3), which

have the form

anft anft b
r=1 i r=1 YJr
[ = 1Ly

10



where the [ X" [] Y;-bj" are monomials of P, for r = 1,...,p"t. So,
pnft ' pnft ' pnft
DAV DS [Z ‘“f‘pzl => /=
7 r=1 r=1 7 r=1

(and the analogous for the b;, also holds) and

pn—t pn—t
PADIANEDIADIUAFY
) r=1 i r=1

pnft
=y [Z ia;,p' + Zjbjf.p"] < tp" <np".
r=1 i J

Observing that the last line of the equation (2.3) won’t contribute to
P,, all the remaining terms are of the form X7 nfinp " Excluding the ones
of the form X7 nfinii, the remaining are such that i + j < n, and the lemma

follows.

Now, let v : K — R U {oo} be a valuation of K. For e > 0, define:

U(e)d:Cf s = (s0,81,...) € W(K)* | v(sn) >p"(v(s9) — ne), foralln > 0}.

(Note that W(K)* = {s = (s¢, $1,...) € W(K) | so#0}.)
Lemma 2.5. The set U(e) is a subgroup of W(K)*.

Proof. Let s,t € U(e). We have that the (n + 1)-th coordinate of st is given

by P,(s,t). By lemma 2.4, for each monomial of P,(s,t) we have:
a; bj\ _
o(TTs TI#) = S ants + S biutty)
> " aip'(v(so) —i€) + Y bp! (v(to) — je) (2:4)

> p"(v(s0) + v(to) — ne).

11



Therefore, v(P,(s,t)) > p™(v(soty) — ne) for all n, i.e., st € U(e). (Note that
since all elements of ) are roots of unity, v is zero on all its elements, and we

don’t have to worry about the coefficients of the monomials in P,.)

We prove that ¢ Pslev (e) by induction on the coordinate: assume

that for all i < n we have v(t;) > p'(v(ty) — ie). We observe that:
P(s,t) =t,s) +---=0

where no omitted term involves t,. So, v(t, sg") is equal to the valuation of

the omitted terms. But for those, we can use (2.4), and so
v(tn sy ) > p"(v(so) + v(tg) — ne),

and this gives us v(t,) > p"(v(ty) — ne).

O

Lemma 2.6. Let s,t € Ule), and assume v(ty) > v(so). Then v(S,(s,t)) >
p™*(v(sg) — ne). Moreover, if e > 0, the equality holds if, and only if, v(s,) =

p"(v(sg) — me).

Proof. We prove by induction on n. For n = 0, it is trivial, since Sy(s,t) =

So + to. We have
1 D D 4 1 p" p" p"
Sn :(XN_I_YN)_I_;(Xn—l_‘_Yn—l_Sn—l)_l—"'_l—E(XO +Y5 =Sy ),

and again we observe that this polynomial has integer coefficients. Notice
that, when taking the valuation in S,, we can again disregard the coefficients
of the monomials [[ X! [] ijj that appear in S,,. So, we assume (inductively)

that every monomial of that form in Sy, for t = 0,...,(n — 1), is such that

12



v([]s5 Ht?j) > pt(v(se) — te). So, the monomials of SP"  are products of
p" ! monomials of S;, and therefore they have valuation, when computed at
s and t, greater than or equal to p" 'p'(v(sg) — te) > p™(v(sy) — ne), and
equality never holds if e > 0. The remaining monomials of S,, are of the
forms X7 " and Y/ " The former gives valuations greater than or equal to
p™*(v(sg) —ie) > p"(v(sp) — ne), and if e > 0, we have the equality only for

i =n and v(s,) = p"(v(se) — ne). The latter gives valuation greater than or

equal to p"(v(tg) — je) > p"(v(sp) — ne), which finishes the proof.

Lemma 2.7. Ifv(sg) =1 and v(s,) > 1 for alln, then s € U((p —1)/p).

Proof. Just note that v(s,) >1>p"[1—n(p—1)/p]=np" ' —(n—1)p". O

2.3 Upper Bounds

Now let K denote the function field of E/k and K be the function field of E

over the field of fractions k of W (k). An element of g € K can be written
as a quotient g,/g,, where g,,g, € W(k)[z,y]. Let R be ring of functions
g =9,/9, € K (as above), such that g, Z 0 (mod p) (i.e., R is the valuation
ring of K with respect to the valuation associated to p). Then, for every
g € R, we have that g = (g, g1,...) € W(K), and if g is regular at 7(P), for

P e E(k), then g(7(P)) = (90(P), 1(P), . ..).

Observe that since ordg «/y = ordg y/x* = 1, both =/y and y/x’
satisfy the conditions of lemma 2.7, and thus they are in the subgroup U((p —

1)/p) of R*. This implies that « and y are also in that group, which proves

13



theorem 2.1.

In fact the same idea can be used to prove a more general statement:

Theorem 2.8. Let g = (g0, 1,-..) € R™ such that ordp go = ord,.(p)g for
some P € E(k). Then

ordp g, > p™(ordp(go) — n) +np™t.

Proof. Let w € R™ be such that ord,py7 = 1, i.e., a uniformizer at 7(P).
(Note we can choose 7 as either (x —x(7(P))), y or /y, and so ordp my = 1.)
By lemma 2.7, w € U((p — 1)/p), now with v & ordp. In the same way,

wl=v)g ¢ U((p —1)/p). Since U((p — 1)/p) is a group, g € U((p — 1)/p).

O

We observe that if ord,(p) g < 0, then the theorem above gives us upper
bounds for the order of the poles of the g,’s, for all n > 0. If ord,py g > 0, the
theorem still gives us some information: it gives lower bounds for the order of

the zeros for n < p(ordp go)/(p — 1).

2.4 Leading Coefficients

Our main goal in this section is to verify when we don’t have the equality in
the upper bounds of theorem 2.1. But since the same techniques give stronger
results, we will obtain these results first, and then get our main goal as a

corollary.

Let g be a function as in the theorem 2.8 and let 7y be a uniformizer

14



at P. Let the expansion of g, in terms of my be

" (or —n)+np !
G = bn(g)ﬂg (ordp(go)—n)+np T, (2.5)

where the omitted terms have higher powers of 7y (by theorem 2.8). We call

b,(g) € k the n-th leading coefficient of g at P, relative to m.

Let P € E(k) and, for p # 2, define

z/y, if P=0;
¥ (@ — x(r(P))), if 2P #£O; (2.6)
Y, otherwise.
For p = 2, we define
x/y, if P =0,
L (@ — 2(r(P))), if 2o(P) #0; (2.7)

So 7r is a uniformizer at 7(P). (Remember that 7 is an injective homo-
morphism.) Also, if we write w = (7, 71, ... ), we have that 7 is a uniformizer

at P. Moreover, ordp 7, > 0 for all n > 0. Then, write
T =aTy+ ...
where the omitted terms have larger powers of my. We have then:

Theorem 2.9. Let  be as above and g as in theorem 2.8. Let vy o ordp go
and write

g=cn”+... (c=(co,c1,...) € W(k))

where the omitted terms have larger powers of 7. We then have

15



Proof. Note that the theorem is trivially true for 7 itself: for n > 1, p™(1 —

n) +np" ! < 0, and since ordp 7, > 0, b,(w) =0 for n > 1.

Now, by induction, we prove that the theorem is true for ©”, with r» > 0:

suppose the theorem is true for w"~1. Write

= (ug,u,...) and 7 = (v, v1,...).

Then

n . .
n—1 7
vnzg moub 4
=0

where all the omitted terms have order larger than p™(r —n)+np™~!, by lemma

2.4. Thus,

ba(r") = ibz(w)p“bn_i(w“lvi - [Z (1) (

1=

(2

For » < 0, we prove by induction on n. Let

7" = (ug,u1,...) and 7" = (vg,vy,...

Suppose true for i =0,...,n — 1. Then,

n . .

p’!L*/L p’L o
E u; UV,_;+---=0
=0

where all the omitted terms have order larger than —np™ + np

terms of order —np™ + np™~! have to cancel, i.e.,

n

bo(m ) ba(m") = =) " by(m T by (")

- ; (zr) (n . z) o

r — 1 Oénpnfl
i n—1
L /1 1
— " Q™" = " a™®" !
— ) n-—1 n

).

n—1

So, the

16



what gives the result, since by(w=")"" = 1.

For en”, by looking at the expression (2.3) and using lemma 2.4, one
can check that the leading term will just be multiplied by c’o’n: write " =
(ug, uy, . .. ) and consider the monomials in P, of the form [T X/ [] Y;-bj . Then,

defining v % ordp, in the (n + 1)-th coordinate of em” we have valuations of

the form

o([Tur TT¢) = Y awtu)
>r [Zaipi] - p;l [Zaiz’pi]

p
p—1

>rp" — np",

and it is clear that the equality can occur only if the monomial is X, Y{ "

Thus, the formula is true for en”.

Finally we observe that if we write g as in the statement of the theorem,
the higher powers of v will contribute to the (n + 1)-th coordinate with terms
with powers of 7y higher than p"(vy — n) 4+ np"~' (as one can see from the

proof of lemma 2.6), and so b,(g) = b,(em™), and our formula holds for g.

O

Then, using the same notation as before, the above theorem tells us

that the map

Y

1 |w— S
<I>:g»—>a [an(g)p T
n=0

is such that ®(g) = (1 +a? T)®.

17



Now, assuming p # 2, we compute the a’s for the three distinct choices

of 7r. Assume that E is given by

E/k: yi = f(x0).

Let P = (rg, So), such that 2P # O. Then, we take the uniformizer at 7(P) =
(r,s) given by (x — 7). So,

P —rP — (g —1o)P
m=r —r + 20 p(o 0 (7’1@1’1(7“0))-

(We here face a small notation problem: the above expression is in characteris-
tic p, and so it would make no sense dividing by p. One should read an expres-
sion as the one above in the following way: first to consider a corresponding
polynomial in characteristic zero, in this case t(x, r) o ((xP—rP)—(x—1)P)/p €
Z[z,r], and then read:

xy — 18 — (xg — 70)" det

= t(ZL‘Q, 7’0).
b

Unfortunately this abuse of notation will appear several times, but we hope

that no confusion will arise from it.)

Note that m; is a polynomial in zq, and therefore, o = dmy/dxo|zg=r-

But
dm _ dn
d!L’Q N dl‘o

+ $€_1 — (2o — 1o)P .

We observe that from the proof of proposition 4.2 in [9], one can deduce:

dz 1 p— - _ - -
AT = AT ()0 = 28)

for p # 2, where A is the Hasse invariant of the curve. (Note that A # 0, since

our elliptic curve is ordinary.)
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Therefore,

dm
d—gj(l) = A7 f (o) — (g — o)

and hence,

o= A" f(rg)P Y2,

(Note that since 2P # O, a # 0.)

If P = (rg,so) is finite and 2P = O, then f(ry) =0, or so = 0. So, we
take w = y, and if we write y; = yoF1(xg), where F} is a polynomial, then we
have oo = Fi(rp).

To try to find a more explicit expression for Fij(rg), we look at the
reduction modulo p? of the equation of E. We assume here p # 3. The case
p = 3 can be easily calculated, and gives similar results. So for p # 2,3, we

take f(zo) = 23 + aowo + bp. Then, the second coordinate of the equation of

E/Wy(k), namely
(y07y1)2 = (xovxl)g + (CL(), al)(x(]vxl) + (b07 b1)7

is given by:
by = 3:(:3”:61 + apry + ajxh + by
+ % (237 + abab + b5 — (x§ + agwo + bo)P) - (29)
Writing y2 = f(z0) and y; = yoF1(x0), we get:
2f (20) P2y (29) = 32y + dbwy + ayah) + by

1
+ p (207 + abah + b — (x5 + agwo + o)) -

19



Taking derivatives with respect to xq of both sides, one gets

f'(xo) Fi(xo) + 2f(550)@(3€0) = f'(wo) [AT f/(0)"™" = f(20)® V2] .

d!L’Q

(We observe that the formula above is also true for p = 3, as one can easily
check.) So, a = Fy(rg) = A7 f/(ro)P~'. Note that since the curve is non-

singular, we have that f'(ry) # 0.

Finally let P = O. Then, we take w = x/y, and we have

D

_T1 YTy

- p 2p
Yo Yo

m

We observe that

) -3

Yo

So, if 1 = ﬁ$(()3p_l)/2 + ... and y; = yo(yz? % +...), then we have

Since dxy /dxg = A7 f () P~D/2 — x‘g_l, we have that 8 = —2A~L. For p # 3,
by looking at the terms of highest degrees in the equation (2.9), one gets that
v =2/33 = —3A71. So, in this case, « = A~!. For p = 3, we refer to [9],
where z; and y; where computed. We get then « = A™' = 1. (Remember

that, by our choice of the form of f(z¢) for p = 3, we always have A = 1.)

For P = O and p = 2, we can follow the same idea above, and we also

have formulas for z; and y; in [9]. Those give us o = 1.

Hence:
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Corollary 2.10. We have degx,, < (n+2)p™ —np"~' if, and only if, p divides

(n+1), and degy, < (n+3)p"—np" L if, and only if, p divides (n+1)(n+2)/2.

Proof. First, we remember that for z, and y, we have deg = —ordp. So the
order of z,, (resp. y,,) is larger than (—2—n)p"+np"~! (resp. (—=3—n)p"+np" 1)
if, and only if, b,(x) = 0 (resp. b,(y) = 0), relative to the uniformizer 7 =

But by theorem 2.9,

and

what gives the result, since a # 0.

Remark. Note that since x, is a polynomial, we have that the degree of z,
as a polynomial in x¢ is less than or equal to r o [(n+2)p™ —np™~1] /2, and
b(x) is also the coefficient of xj in z, (using equation (2.10)). Also, if we
write y, = yoF,, where F,, is a polynomial in xq, then the degree of F}, as a
polynomial in o is less than or equal to s % [(n+3)p™ — np"~! — 3] /2, and

its coefficient of xf is b,(y) (again, using (2.10)).

2.5 Reduction Modulo p?

In the next section we will describe an algorithm to compute the reduction

modulo p? of the canonical lift and the elliptic Teichmiiller map explicitly for
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p # 2,3. To make sure that our computation gives us the right answer, we

introduce the following sufficient condition:

Proposition 2.11. Let k be a perfect field of characteristicp > 0. If E/W,1(k

is an elliptic curve with reduction E, and if we have a section T of the reduction

from G(E) to E, in the category of k-schemes over E\{O}, given by

(z0,90) = (@, y) = ((z0, -, @), (Y05 -+ Yn)),

where x/y is reqular at O with x/y(O) = 0, then E is the canonical lift of E

and T is the elliptic Teichmiller lift.

Proof. The proof is just the last paragraph of the proof of proposition 4.2 in
[9]. O

Note that in the general case, in contrast to what happens for the
second coordinate (see proposition 4.2 in [9]), is not enough that deg(z;) <
(n+2)p™ — np™ ! and deg(y;) < (n+ 3)p™ — np" ! instead of x/y(0) = 0:
e.g., in characteristic 5, considering just the first three coordinates, we have
that the elliptic curve

Yy =2tz

has reduction y3 = xj + xo, and the map

v(20,90) E ((wo, 4af + x5, 4af + 328> + 228" + 208 + 2l + 422 +
3220 + 2" + dadt + 323 + 2237,
(Yo, yo (g + 2 + 224 + af + 3),
Yo (@00 + 225" + 5% + 3ag® + 3wgt 4 2207 + 20 + 2288 + 230 + 223t + 3277 + A

+ 238 + 32t + 2% + 2yt + 20 + 4ad + 32§ + 327 + 4))),

22
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is a section of the reduction, but this map is not such that

vie/y) = (zov)/(yov)

is regular at O, and therefore, this is not the elliptic Teichmiiller lift. Using

the techniques introduced later, we can compute the correct map:

T(Z0, Yo) =4 ((wo, 4oy + ), 405 + 328® + 4oy’ + 228 + a8 +4xd + o2 +4x¥ +
3292 + 2’ + 208" + 223°),
(Yo, yo(x§ + 228 + 275 + x5 + 3),
Yo (4250 + 325 + 4257 + 3w8® + gt + 20 + g’ 4+ 2250 4+ 2257 + 4’ + 4230 + 43t

+ 3282 + dag’ + 4xg® + 20 + 4xd + 4ol + 225 + 4af + 4))).

Now, we proceed trying to find properties that will allow us to compute
explicitly coordinates of the coefficients of the canonical lift and the elliptic
Teichmiiller. We first observe that a method to compute the second coordi-
nates can be derived from results in [9]. So, we try to obtain the analogues of

those results to deduce a way to compute the third coordinates.

As we observed before,

p—1 p—1

dI‘l _1
V= Yo — 2o

dl’o N

for p # 2. Following the same idea:

Proposition 2.12. For p # 2, we have

drs

_ 21 21 -1
deZA Pyt — T — T (AT T — ).



Proof. We consider the differential

2 ((%)
p p Yy

where ¢ is the lift of the Frobenius. This is a well-defined holomorphic differen-
tial on E, and its reduction modulo p, say w, depends only on dx/y. (See [3].)
On one hand, since this differential is holomorphic, it has the form adxz/y,
where o € W(k), and so its reduction modulo p has the form aydxg/yo, where

«p is just the reduction of a.

If we apply the Cartier operator, we get

Clw)=C <a0@> = a(l)/pAl/p@. (2.11)
Yo Yo
On the other hand, by [1], we know that the p-derivation
o — P
ou def wj (2_12)

p
where u? is obtained by applying the Frobenius o for Witt vectors on the
coefficients of w, is such that the reduction modulo p of §’x is equal to z; + B,
where P; is a polynomial in zy,...x;_; that we can compute explicitly. (Note
that P; is not the polynomial that defines the Witt product. From now on,
we won’t use those anymore, and the P;’s will always denote these universal
polynomials arising from the reduction modulo p of §’x.) For i = 1 such a

polynomial is zero, and for i = 2 (and p # 2),

def  p(p—1)
Pg(xo,xl) = —I xI1.
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Since u o ¢ = pdu + uf, we get
1.,(1, (de 1, (d(0x) + x' tdx
G (5) - ()
PP y p poy + y?

d(6*x) + (6x)P~1d(6x) + (pdx + xP)P~ 1 (d(dx) + =P~ dx)
p(p 0%y + (6y)?) + (poy + y?)? '

The reduction of such differential modulo p, that is again w, is

d(zo — 2P V) + 2P day + 227D (day + a8 day)

p2
Yo

-1 21
dry + 2} dxy + b~ dxg

2
D
Yo

)

and computing the Cartier operator using this form of w and using (2.8), we

get

1 ) d
Clw) = y—g(dxl + 22 dw) = A—lﬁ.

(2.13)

Comparing equations (2.11) and (2.13), we get that g = A~®+1) and

comparing the two forms for w, we have

dxy - 21 21 —1/ 4—1_p—1 -1
dzo =A (pH)?/g —xp  —ay (A 1?/3 — x5 ).

O

Remark. We note that for characteristic 2, similar computations would give

d!L’l . dl‘g

drg  drg
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Hence, the proposition above allows us to find zs, except for finitely
many terms of the form d,xy”. (We can find the number of missing terms from

the bounds for the degree.)

Now, we take a closer look at the quotient @ /y up to the third coordi-

nate. In this case we have:

+ 22 _
P 2p 2 2 B )
vy v v W v Yo

2
R B (ﬂ - ?Jll‘g)p
P Ay oy v v

Looking at the orders in the third coordinate, we see that

Lt tel ( y)
P\ w” O\

has already positive order at O, and that all the summands in

2 2
D D, P p, 2p D
T _[To X1 Wilo Ty T2 To W Lo Y2
Yy

2L x xp2 2p xp2
L g0 T (2.14)
Yo Yo Yo Yo

have the same order, namely —p? + 2p. (Note that the orders of zo and y, are
precisely —4p? + 2p and —5p? + 2p, as we may see from our analysis of the
leading coefficients.) But since 7*(x/y)(O) = 0, those terms have to add up

to have positive order.

Now for p # 2,3, looking at the third coordinates of the expression of

our elliptic curve, we have that

l’pzy $p2 2

2

02p2 = gpz (2yg y2)

Yo 2o
:Bf)’Q

Q?Jop

<3x3p2x2 - A ) :
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where the terms not shown have order greater than —7p?, and so when multi-

plied by x‘g2 /2y g they give terms of positive order.

So, the part of (2.14) that has to add up to have positive order is

2 2
D, P P, 2p D
1Y T2 Lo Y1 Lo 2p? p? 2p 2p
T o2 P2 + 3p2 3p2 3ZCO T + 31’0 Iy — U
Yo Yo Yo
_ 2 9 _ 3p? _ 2p2 2
ol me 2713ah P 2713xP e 2713”2y
T 22 p? 3p2 o 3p2 o 3p?
Yo Yo Yo Yo Yo

Looking at the second coordinate of the equation of the elliptic curve,

we get
2132wy + ...

o

Y1 =

)

where all the terms on the numerator omitted are of order greater than —6p.

Then, the part of 22y /P * that has negative order is

—19,.20%, 2p

273z, 7
3p2 9
Yo

and the part of 2‘13:L'€2yfp Jye? * that has negative order is

_ 2 2
8= 127a? x )
5p2
Yo

So, the part of (2.14) that has to add up to have positive order is

—19,.2P% 2p —19~,.5p% 2p —19,.3p? —19,.2P% 2p

3p? p? 5p2 3p2 3p?
Yo Yo Yo Yo Yo
. _5p2 3 2p2 2p 2p2 4p2 27 5p2 2p 3 3p2 2p2 3 2p2 2p 2p2
= Yo —3Ty T Yy T T2y — Ty T — 5%y T2Yy — =Ty TT Yo
2 8 2 2
Using

yg = .Tg + agXo + bo,



and noticing that the part of the above expression that has to add up to have

positive order is the part inside the brackets that has order at most —15p2, we

get that
52 3 5,2 2 27 5.2 3 62 3 5,2
Yo P —536817 3P 4 xy 2 gscgp i §:cgp Ty — 5:681) 7P
l’gp2 3 2p 1 p2
o |50~ v
Yo

has to add up to have positive order, i.e., the parts of order smaller or equal
to —5p? inside the brackets above have to cancel out. Since those terms are
polynomials in xg, we get that the coefficient of zy” in x5 is 3/4 times the p'®
power of the coefficient of (™ in x?, for all n > (3p + 1)/2. (Note that by
proposition 2.12, we knew that all the terms of degree, as a polynomial in z,
higher than (3p? — 1)/2 in 2o have to come from terms of the form d,z;".)
Therefore, in the computation of the elliptic Teichmiiller, some of the missing

coefficients of x5 can be obtained from coefficients of x;.

Thus, this analysis, along with proposition 2.11, allows us to deduce

the following theorem:

Theorem 2.13. If p # 2,3 and E/Ws(k) is an elliptic curve with reduction
E, and if we have a section T of the reduction from G(E) to E, in the category
of k-schemes over E\{O}, given by

(x()?yO) = (-’E,y) = ((x(],l’l,l’g), (y07y17y2))7

such that E and 7 are the canonical lift and the elliptic Teichmiiller modulo p?,
then the same is true modulo p° if, and only if, deg[a? 5 — 3/4 2] < 5p? — 1.

In fact, if this inequality holds, we must have the equality.



Proof. The only part not discussed before is the last statement. For it, it just
suffices to observe that proposition 2.12 implies that the coefficient of Jc(()gp ik

in , is not zero (it is —2A~ 1) and that 22” just has p powers of . O]

2.6 The Algorithm

So now we see how to compute the canonical lifting and the elliptic Teichmdiller

explicitly, up to the third coordinate. In this whole section, we assume p # 2, 3.

First we compute x; by integrating formally the formula (2.8), and we
leave the constant term, say co, and the coefficient of the term in zf, say ¢,

as indeterminates.
Since ¥ is Yo times a polynomial in z, equation (2.9) (keeping a; and
by as indeterminates) tells us that the division of polynomials (in zg)

3" + afry + araf + by + * (g + abxl + b — (¢f + aowo + bo)?)

Q(l‘g + apxg + bo)(p+1)/2

must be exact. So we compute its remainder, which is a polynomial that has
coefficients that depend on aq, b1, ¢y and ¢;. Forcing that remainder to be zero
gives us a linear system on those indeterminates. Solving that system gives
us the canonical lift (i.e., a; and b)) and x; (i.e., ¢g and ¢1). And y; is just yo

times the quotient of that exact division above.

We observe that the converse of the proposition 4.2 in [9] guarantees
that the elliptic curve and map found are the right ones. Also, note that the
solution of the system above does not have to be unique, since the canonical

lift is only unique up to isomorphism.

The way to compute the third coordinate is analogous: we integrate
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formally the formula in proposition 2.12, and add the terms of degree (in
1g) greater than 3p? from 2% as explained in the end of the previous section,
and consider the coefficients in zy?, say d,,, for n from 0 to [(3p? — 1)/2p], as

indeterminates.

Then, we just look at the third coordinate of the expression of the
elliptic curve, use the fact that gy, is also yy times a polynomial in x,, and
force the corresponding remainder of the analogous division of polynomials to
be zero. We get another system, that we solve to get the desired values for the
indeterminates, i.e., as, by and the d;’s. Theorem 2.13 then guarantees that
this gives the canonical lift and the elliptic Teichmiiller. We used this method

to compute the canonical lift (the first three coordinates) of
yg = xg + X

in characteristic p = 5 shown in section 2.5. In fact, we were able to compute,
using that algorithm, the canonical lift for a generic ordinary elliptic curve in
characteristic 5: if

yg = xg + apxg + bo

is such curve (ag # 0, since the curve is ordinary), then its canonical lift has

4
272 0
a; = aghf + —,
1= agby + a0
ag = 2a§5 + a%ng + a(l]gbé + 3a(1)668 + 2a(1)36§ + agbéQ + 4aob(1)6
3b18 4b20 4b22 4b24
7+ —s + — + 1
ap Qg Qg Qg

bl = 4&860 + &gbg + bg,

by = aibo -+ 436} + 30270 + daZ Bl + 4albE + alZB + 383 + .

30



(The polynomials for the the elliptic Teichmiiller map are too long to be put
in here.) We also were able to compute the generic cases for p = 7,11,13. A

not too long particular case for p = 7 would be:
Yo = 7o+ 1,

for which we have

and

r1 = bxo + 225 + 407,

Ty = 4z + 3z + 5wl + 4w’ + 625 + 625" + 2032 + 323 + 228 +
223t 4+ 53t 4 6237 4 225% 4 2208 + 2202 + 627 + 4ad® + 228t +
225 4+ 3257 4+ 3200 + 620 + 5,

Y1 = yo(2xp + 328 + 45 + 625%),

Yo = Yo(2 + 6x) + 305 + 62) + 252 + 2° + 208 + bag! + 23t + 320 +
23?4 639> + 25" + 25t + 5y’ + 625 + 4x8° + 32 + 62 +

625" 4 4ad 4+ 5ad’ 4 620° 4+ 220° + 3% + 20" + 22t + 3agt).

We first had implemented the algorithm using the software Mathemat-
ica and then, for convenience and speed, we switched to Magma, and the files

are available at

http://www.ma.utexas.edu/users/finotti/can_lifts.html



where we also put the generic formulas for characteristic 5, 7, 11 and 13 and
some more examples.

We also observe that the algorithm described also seems to “work” if
you don’t introduce the terms of x5 from 22, i.e., you use for x5 just the formal
integral of the derivative in proposition 2.12, and the terms of the form dixf)p
for i < (3p? — 1)/2p. The algorithm will give you back ay, as, 71, T2, y1 and
Y2, where v = ((z9, 1, 22), (Yo, Y1, Y2)) is a section of the reduction. But since
v*(x/y) is not regular at O, the curve obtained is in principle not necessarily
the canonical lift, and the map is certainly not the elliptic Teichmiiller. (This
was how we obtained the “wrong lifting” v in section 2.5.) But it seems that
this lift may be used for some applications in coding theory, and it would be
nicer than the canonical lift itself, since it has smaller degrees. In the next
chapter we will verify the existence of those lifts and estimate the degrees

obtained.
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Chapter 3

Minimal Degree Liftings of Elliptic Curves

3.1 Minimal Degrees

In section 2.5, we exhibited a map v between the affine part of an elliptic
curve (over a field k of characteristic 5) and its canonical lift with degree of
xo smaller than the degree of the corresponding x5 of the elliptic Teichmiiller.
We now study the existence of such maps with smaller degrees in more detail.
We will show that the affine part of the canonical lifting always has a unique
section of the reduction modulo p"*!, for p # 2, with degx; < (3p° + 1) and

degy; < (i +3)p' —ip~t fori=1,...,n.

In this section we will be a little more generic and consider hyperelliptic

curves for p # 2. For simplicity, we shall write
Clk: ?Jg = f(®o),
where f is a monic polynomial of degree d > 3 with simple roots, and
C/W(k): y*=f(z),

where f is a monic polynomial that reduces to f modulo p. Looking at the

(n + 1)-th coordinate of the equation of C' we have:

28 Yo+ = (@) 0 + . (3.1)
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(where f’(xq) represents the formal derivative of f(xy)) where neither x, nor

Yn appear in any of the omitted terms.

We shall use “deg, ” to denote the degree as polynomial in xg, to not
be confused with “deg” that denotes degrees as functions on the curve. To
make our exposition clearer, we introduce the following useful lemma:
Lemma 3.1. Let a,b,c € k[zg], with deg, (a) = n, deg, (b) = m, deg, (c) =
r. Also, let s & max{r,n +m — 1} and assume (a,b) = 1. Then, there

exists a unique pair of polynomials u,v € klxo] with deg, (u) < m — 1 and

deg, (v) < s —m such that au + bv = c.

Proof. We follow the basic idea of lemma IV.1 in [8]. Let L(7) denote the vector
space of polynomials in k[xg] with degrees less than or equal to i. Consider

the linear map

Y:L(m—1)® L(s—m) — L(s),

given by ¢ (u, v) & qu+bo. Since (a,b) =1, ¥(u,v) = 0if, and only if, u = bz
and v = —az, for some polynomial z € k[z,]. But deg, (u) < m—1 < deg,, (b),
what implies u = z = 0. Thus kery) = {0}. Now, since dim L(i) = i + 1,
comparing dimensions, we have that ¢ is an isomorphism, and since ¢ € L(s),

there exist a unique pair u,v as in the statement. O

We need to introduce some new notation here: for » > 0, let

def

34

Ur(e) = {s=(s0,51,...) € W(K)* | v(sn) > p"(v(s0) —ne), for 0 <n <r}.

Note that the proof of lemma 2.5 (that tells us that U(e) is a group) can be

used to prove that U,(e) is also a group.
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Proposition 3.2. Given any curve

C/W(k): y*=f(z)

where f(x) is a monic polynomial of degree d with reduction f(xy) modulo p
such that (f(xo), f'(x0)) = 1, then there exists a unique lift of the affine part

of the curve
C/k : yg = f(‘ro)u

to the affine part of C, say

V= ((x07j17i‘27 s )7 (y(]aglvg% cee ))7

where T, is a polynomial in xo and ¥y, is yo times a polynomial in xy, with
deg @, < d(p"+1)—2 and deg g, < [n(d—2)+d]p"+[n(d—2)]p"~'. Moreover,

the degrees of the x,, are minimal.

Proof. We will consider groups of the form U,((d — 2)(p + 1)/p) (with an
appropriate r), where the valuation is defined by v def deg. (Note that will

be dealing only with polynomials in xy and yq.)

We prove the theorem by induction on n. The case n = 0 is trivial.
Now suppose we have v up to the n-th coordinate. We construct z,, and g,
in the following way: observe that (xg,Z1,...,%,—1) and (o, %1, --,Yn_1) are
both in the group U,_1((d — 2)(p + 1)/p), by the induction hypothesis. We
now “find” Z,, and g,. Write down the (n + 1)-th coordinate of the equation
of C/Wy1(k), regarding &, and g, as unknowns to be found. Since we want

7 to be of the form yo F, (), with F,(x9) € k[xo], we need in fact to find F},.



We then have
— (@) T + 2f ()P HYVRE, = (3.2)

where no omitted term has x,, nor ¢,.

Looking carefully at the proof of 2.5, we notice that we actually bound
each summand that appears in the (n + 1)-th coordinate of product s - ¢, with
s,t € U(e), by p™(v(so) + v(tg) — ne). So, in particular, if s,t € U,_;(e), all
the terms in the (n+1)-th coordinate of s-t that do not have s,, and ¢,, have to
satisfy this bound, since they depend only on (sq,...,S,_1) and (tg,...,t,_1)

(even though we would not have control over the terms with s,, and t,).

Hence all the terms in (3.2) that do not involve Z, or F, have degrees
less than or equal to [n(d—2)+2d]p"+ [n(d—2)]p" ! (since the highest degrees

should come from z¢ and y?, by lemma 2.6).

Now let ¢ denote the omitted terms of (3.2). (Note that ¢ is a poly-
nomial in zo.) Let a % —f/(zo)?" and b & 2f(z0)®"+V/2, and by lemma
3.1, there are u and v polynomials in xy such that au + bv = ¢, and degu <
d(p" +1) — 2 and degv < [n(d — 2) + dJp" + [n(d — 2)]p"~' — d. So, we take

~ def ~ def
Tp = u, and 4, = Yo v.

The minimality comes from the uniqueness in the lemma. We cannot
have a Z, with degree less than the degree of #,, unless we allow degy, >
[n(d —2) + d]p" + [n(d — 2)]p"~*. But in this case the degree of the left hand

side of the equation

— (2ol T + 25 G =
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would have degree larger than the upper bound for the degree of the right

hand side. Therefore, there can be no such pair Z,, Jn. O

We call the above v the minimal lift of C' to C' (with respect to x).
Therefore, although we may neglect to mention it, whenever we talk about

minimal lifts, we will be considering the affine parts of the curves only.

One can also use the same approach to minimize the degrees of the y,,

instead. In such case we get:

Proposition 3.3. With the same hypothesis and notation as proposition 3.2,
and assuming p does not divide d—1, there exists a unique lift v with degy, <
2(d—1)p"+ (d—2) and deg T,, < [n(d—2)+2]p" +n(d—2)p"~'. In this case,

deg v,, s minimal.

Proof. The proof follows the exact same idea as the proof of proposition 3.2:
again we will work in U((d — 2)(p + 1)/p) and we just apply lemma 3.1 with

q & 2f ()@ /2 b def —f"(x0)?", and c as before. O

The above propositions have obvious applications to elliptic curves, by
taking d = 3. But by theorem 2.1, we can see that taking E ordinary and E
its canonical lift, we can have degxz; < 3p—1, degy; < 4p — 1. This gives the

motivation for the following proposition, with better bounds to ¥,:

Proposition 3.4. Assume again the same hypothesis and notation from propo-

sition 3.2 and suppose further that we have a lift modulo p?, say

v = ((wo,Z1), (Yo, 7)),
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such that deg @y < dp — (d — 2) and deg gy < (2d — 2)p — (d — 2). Then, we

can complete v to

V(l'o,yo) = (($0?j17j27 . ‘)7 (y0>gl>g2a .- ))7

with deg ¥, < d(p"+ 1) — 2 and deg g, < [n(d —2) +d]p" —n(d—2)p" ! in a

unique way.

Proof. The idea is that the restrictions on z; and g; allows us to work on
U((d —2)(p — 1)/p) instead of U((d — 2)(p + 1)/p). Inductively, the term
¢ (as in the proof of proposition 3.2) will have degree less than or equal to

[n(d —2) + 2d]p™ — n(d — 2)p"~!, and we just apply lemma 3.1 again. O

3.2 Minimal Degrees Modulo p?

In this section we will consider elliptic curves only and p # 2, 3.

Proposition 3.2 gives us upper bounds for the minimal degrees. We
notice that our choices for E (here denoting any curve with reduction E) give
different Z5’s, and one can ask which choice would give us the minimal possible
degree for T5, which we shall call the absolute minimal degree lift of F,
and exactly what degree would Z5 have. (Note that the absolute minimal lift
is not necessarily unique.) In this section we try to answer these questions for

the reduction modulo p?, at least for an ordinary E.

First of all, we observe that modulo p?, those answers are given by
proposition 4.2 of [9]: the choice of curve that gives the minimal possible
degree for 7, is the canonical lift itself, the minimal degree map is the elliptic

Teichmiiller and the degree of Z; (or z; in this case) is exactly 3p — 1.

38



We remember here that we mentioned in section 2.6 that we could
change the algorithm presented to compute the canonical lift to give a 2, with
degree 3p? — 1, with the same derivative as x5, at least in all cases we tried.
By proposition 3.2, this map has minimal degree, meaning that no other lift

to the canonical lift E could have smaller degrees.

We start our analysis with a conjecture:

Conjecture 3.5. The division of polynomials

o} = [ f(20)PTD/?]q(w0) + (o)

=] W

(where xy comes from the elliptic Teichmiiller and E is given by y2 = f(xq))

is such that deg, r(zo) < (5p —1)/2.

First, observe that the division algorithm tells us that deg, r(z) <
(5p+1)/2, i.e., the bound is one more than the one stated in the conjecture.
To verify the statement of conjecture 3.5 we wrote a routine in Magma that
checked that it is true for any ordinary FE in characteristic p from 5 to 877.
We checked by formally integrating dx;/dxy and adding c;zf + ¢, leaving ¢;
and ¢y as independent variables, so that we did not have to compute them

precisely. Unfortunately, we don’t have yet a proof.

We now show the implications of such conjecture in answering the ques-

tion modulo p3:

Theorem 3.6. Assume conjecture 3.5 is true. Then, the absolute minimal
degree lift

V= ((l’o, €, 5:2>7 (y07 Y1, g2))
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is such that deg Ty = 3p*>—1 and E is the canonical lift (modulo p*). Moreover,

we have that
d:i’g dl’Q

dZL’O N d.TO.

Proof. First we observe, as we mentioned above, that E modulo p? has to be

the canonical lift, and x; and y; come from the elliptic Teichmiiller.

We now prove that we always have such a lift to the canonical lift. We

will actually give a way to construct the absolute minimal degree lift: if

T = ((xo’ X, flf2)7 (y07 Y1, y2))

is the elliptic Teichmiiller lift, we compute, using the division algorithm,
2o = f(x0) PtV g1 (20) + r1(z0) (deg,, 1 < (3p* +1)/2).
Now define 75 & r1(zo) and gs o Yo — Yo [f’(:co)pqu(xo)]/z Then, we have
p? / 02~ 2 , 2
2yg G2 — f'(20)” T2 = 2y yo — ['(x0)" 22,

and thus, by equation (3.1),

def ~ ~
vV = ((x07x17x2)7(y07y17y2))

is another lift from E to its canonical lift, and since degZ, < (3p? + 1), by
proposition 3.2, it is the minimal lift. We now have to prove that degz, =
3p*—1: let d(z) o x€2x2—3/4mfp. So, theorem 2.13 tells us that deg, d(xo) =

(5p? — 1)/2. We can then write

o wy = ol (o) 2q(20) + [r(x0)? + d(x0))
(3.3)

2

= ab f(2o)® V2 [ f(a0) PV 2q(wo)?] + [r(z0)? + d(0)],
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with deg,, [r(zo)? + d(zo)] = (5p* — 1)/2 (since we are assuming the con-
jecture to be true), and thus it is the remainder of the division of x§2x2 by
28 F(20) P +D/2. We see then that 2 divides this remainder and i = 74 (z0) =

[r(0)? + d(z0)] /2%, which implies that deg,, T2 = (3p* — 1)/2.

After we prove that this is indeed the absolute minimal lift of F, the
last part of the statement of the theorem is just a consequence of equation
(3.3): we have

T = f(xo)(p2+p)/2q(x0)p + 7°($0)p—|-2d(:160)

D
Lo

= f(x )(p +p)/2 q(x0)? + o,
and taking derivatives gives us the result.
Now, we prove that this indeed gives us the absolute minimal degree
lift: assume we have some lift of E to some curve E (not necessarily the

canonical lift) with deg @, < 3p* — 1. Let
Fo @+ [qwo) f (w) P2
(with the ¢(xo) from the conjecture) and

?52 def i + %[f/(.ro)‘mf(l’o)(p_l)/2Q(l’0)p]-

Then,
v (z0,%0) = ((900#171,5?2)7 (yo,yb?jz)),
is another lift, since

2

2z It 2. ~
2y 52 — [ (o) Ty = 208 o — [ (o) T
But then, by hypothesis,

P2 3 2 3
ol Ty — 493%” = b &y + [2f q(xo) f(20) PHI2]" — 4%” — 2l Ty — r(w)?
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has degree, as a polynomial in zg, less than or equal to (5p* — 1)/2. Theorem
2.13 then tells us that E is the canonical lift modulo p?, 5 and g» are x5 and
yo from the elliptic Teichmiiller, and deg, [#0’2@ —r(zg)] = (5p? — 1)/2, what

implies deg 7o = 3p? — 1.

0

Thus, if the conjecture is true, the minimal lift among all choices of
curves E occurs for E equal to the canonical lift, and with this minimal

degree of Ty exactly 3p? — 1.

Theorem 3.6 justifies why our modified algorithm (when we did not
introduce the terms from z>* in the computation of x,) described in the end of
the section 2.6 seems to work. That modified algorithm computes the absolute
minimal degree lift and the canonical lift. Also, note that we can verify the
existence of such lift with degZy = 3p* — 1 before we really have to compute
X9, since its existence depends only on the conjecture, that deals only with z;
(which can be computed fairly fast). Using the modified algorithm, we can
then compute 75 and 7, without computing x, and y,. Our function written
for Magma gives you an option to compute this absolute minimal degrees lift
instead of the Teichmiiller is this exact way. Note that the curve obtained by

this algorithm is then necessarily the canonical lift.
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3.3 Minimal Lifts and the Frobenius

Having a lift from E to E/Ws(k) is equivalent to having a lift of the Frobenius

(see [1]) in the affine part of E. In fact, if the lift is given by

(70, 90) — ((zo, 21), (Yo, ¥1)),

one can define ¢(x,y) o (xP + px1,y? + py,), where x; is any polynomial
in Wy(k)[x] with reduction x; and vy, is any polynomial in Wy(k)[x, y] with

reduction y;.

On the other hand, having a lift from E to E/W;3(k) just guarantees a
lift of ¢*:

def 2 _ 2 _
¢ (x,y) = (2 +pah + (2 — PP Vay), (Y7 + pyl + 0% (Y, — " Vyy))).

Of course, the canonical lift always has a lift of ¢ associated to 7. So, one
could ask if the Frobenius also lifts (at least for the the affine parts) for these

minimal lifts, making the diagram

E(Way(k)) —2— E°(Ws(k))

T TV (3.4)

E(k) —2=  E°(k)
commute. (Here o represents the Frobenius in & and W (k).) Note that in
the case where E is the canonical lift of F' (and therefore E? is the canonical
lift of E7), we cannot use the lift of the Frobenius associated to the elliptic

Teichmiiller, since the diagram would not commute.

Lemma 3.7. Let P(X,Y) be a polynomial over a field of characteristic zero.
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Then
P(Xo + pX1, Yo +pY1)
oP )
= P(Xo,Yo) +p (8—X(X0’ Yo) X1 + 8—Y(X0’ Yb)Yi) (mod p?).
Proof. This is an easy application of Taylor’s formula for P. O

Proposition 3.8. Assume conjecture 3.5 is true. Let v be the minimal lift
from affine part of E (ordinary) to the affine part of E/W3(k), such that,
modulo p?, v gives us the Teichmiiller. We have a lift of the Frobenius (for the
affine parts) that make the diagram (3.4) commute if, and only if, deg Ty =

3p? — 1 (and then v is the absolute minimal degree lift and E is the canonical

lift).

Proof. Note that the minimality of v implies that E is the canonical lift modulo

p?. Now assume that we have a lift of ¢ associated to v:
¢(x,y) = (2" + pz1 + P*P,y’ + py; +1°Q).
Let § be the p-derivation associated to ¢ (as in equation (2.12)). We have
ox =x, + pP

and, using lemma 3.7,
(z1+pP)7 0 ¢ — (w1 + pP)?

p
(3.5)
x?(xP) — ¥ dx,°
- zz b (@) o) e ().

x =

But, by [1], we have that the reduction modulo p of 6%z must be equal to

y — 28?2, Taking derivatives, the reduction modulo p of P?(zP) vanishes
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(it is a p-power). So all that is left after taking derivative does not depend on
P, it depends only on x1, and then, should give the same result as if we had
used the lift of the Frobenius given by the elliptic Teichmiiller (that maybe
takes F to an E' # E, but necessarily E' = E (mod p?)). Therefore

dzy pip—1) do1 _ dy pp—1) 41

dxg 0 d—fco B dxg o d—l’o.
Since deg 7o < 3p? + 1 and it has the same derivative as x5, we have deg 7o =
3p? — 1.
Conversely, assume v is such that deg 7, = 3p?> —1. By theorem 3.6, the
curve E is the canonical lift of F and dzy/dxg = dZs/dxo. Hence, Ax o To—To
is a p-power. This implies that Ay dof Y2 — 92 can also be written as a p-power,

since

2yg2Ay = f'(z0)" Ax.
Let
o1(x,y) = (2" + pz1 + p* P, y" + py, +0°Q))

be the Frobenius associated to 7. Define now Py as Py minus a lift of (Axz)/?,
that we shall call AP, and Q, as Q, minus a lift of (Ay)'/?, that we shall call
AQ. We claim that in this case, the ¢ as defined as

Po(z,y) = (' + px1 + P> Po, y* + py; + 1°Qs),

is a lift of the Frobenius associated to v. First, we check that it is well defined:

let X % g + pxy + p?* Py and Y =4 y? + py, + p*Q,. Then

92 = f7(X)  (mod p°)
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46
and we need to prove
(Y — p*AQ)% = f7(X — p?AP) (mod p?).
But, applying lemma 3.7, that is equivalent to
2YAQ = (f')7(X) - AP (mod p),

or

2y5 (Ay)? = f'(w)" (Ax)"7,
that we can see is true, by raising both sides of the equation to the p-th power.

Clearly ¢ is a lift of the Frobenius, and the fact that it makes the

diagram (3.4) commute is equivalent to the fact that dox = 7o — xg’(” _1)1'1 and

02y = Yo — yg(p _1)y1, where d, is the p-derivation associated to ¢o. This can

be easily checked by noticing that the reduction of
(.’Dl —l—pPi)U o (bz — (:131 —i—pPi)p
p
3.6
_z{(x?) — ) | dxy (3.6)

- + S0 @)y PY) 4 ()
P i

2, —
oix =

for i = 2 differs from the reduction for ¢ = 1 by Az (that is, the p-power of
the reduction of AP), and the analogue will hold for d2y. O

The above proposition then says that conjecture 3.5 implies that the
minimal degree lift from the affine part of F to the affine part of its canonical

lift has a lift of the Frobenius associated to it.

Also, the proof the proposition also gives us:

Proposition 3.9. Let C be the hyperelliptic curve

Clk: yg = f(zo),



where f is a monic polynomial of degree d > 3 with simple roots, and suppose

that we have a lift of C'
C/Wa(k): y* = f(z).
for which the Frobenius lift in the affine part of C. Let

def
v = ((wo, 21, 22), (Yo, Y1,%2))

be the lift of points, and also assume that x; is a polynomial in xo. Then,

dl‘g . dl‘l ptl dl‘l P p—1 p(p—1) p—1 d:L’l
%‘(%) T\ ) "0 +(ah & )d—xo-

In particular, if dzy/dxg = Ny~ — 227" for some X € k*, then

dx 2 2 dx
_ yp+l, p*=1 _ _p*—1  p—1%l1
= A"y, Ty Ty

dxg dzo

Proof. Let x; and y, be lifts of z; and y; to W3(k)[x] and W5(k)[x, y] respec-

tively. Then the lift of the Frobenius has the form

¢(x,y) = (" + pz1 + p*P,y" + py, + p°Q),

for some polynomials P and . As in the proof of proposition 3.8, formula
(3.5) also holds in this case. The reduction of this formula modulo p is equal
to xo — :c‘g(p _1), and taking derivatives of both sides of this equation gives the

result. O

3.4 Characteristic 2

We now compute the canonical lifting and the elliptic Teichmiiller modulo
higher powers of 2 of an elliptic curve in characteristic 2, where our previous

analysis does not apply. So, throughout this section we are going to fix p = 2.
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An ordinary elliptic curve in characteristic 2 over an algebraic closed
field (or over some finite extension of our original ground field k) can always
be put in the form

Yo + To Yo = Ty + ap,

and so, we consider the canonical lift having the same form:
y2 +xyYy = x>+ a.
Voloch and Walker in [9] computed the reduction modulo 4, obtaining
a =ag, 11 =ay, Y= (x5 + o) Yo + a5 + ao g + ao.

(Notice that for p = 2, y,, is not necessarily yo times a polynomial in z.)

To compute the reduction modulo higher powers of 2, we first computed

the derivative of z,,.

Theorem 3.10. Forp =2 andn > 1, we have

dz,

We are going to break the proof in small lemmas. But first, we introduce

the notation

e 1
5L g,
p

where ¢ is the lift of the Frobenius. Also, we denote by d the 2-derivation

associated to ¢.

Lemma 3.11. We have that

F'(dx) = d(0"x) + =¥ 'dx + ...,
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where every omitted term that contains dx is a multiple of 2 and no other term

contains d(6"x).

Proof. We prove it by induction on n. For n = 1, we have:

_dwoo) _dlz"+20m) o, d(sz).

F(dx) 5 5

Suppose now the lemma true for n. We prove if for n + 1:

FH (da) = F(F'(dx)) = F(d(6"x) + =¥ 'dw +...)
— (") d(6"x) + d(0" )
+ (2 + 20x)?" 7! (x dxe + d(dx)) + . ..
=d(6"'x) + 2 (e dx + d(x)) + .. .

=d(0" ') + 22 do + ...,
and the omitted terms do not have a term with da that is not a multiple of
2 or a term with d(6""'x), for F does not introduce denominators, and thus
takes multiples of 2 to multiples of 2, and F(d(d'x)) gives just terms with
d(6'x) and d(6" ). O

Lemma 3.12. The reduction modulo 2 of d(6™x) can be written as
n—1
oP,
dx,, — dux;.
Tn + ; oz, x
where P, € Folxg, ..., Tp1].

Proof. We recall that the reduction modulo 2 of 6"x is z,, + P, (xg, ..., Tn_1),
for some polynomial P,, that the proof of lemma 2.6 in [1] shows us how to

compute. Therefore, the reduction modulo 2 of d(§"x) can be written as

op, 0P,
dx, + B0 dxg + ; oz, dz;.
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So, it suffices to prove that 0P, /Jxo = 0 for all n > 1, that is the same as
saying that P, just have even powers of zy, what we prove by induction on n.
For n = 1 it is trivial, since P, = 0. Then, assume it is true for all i < n. We
recall how to compute P,,: let

def
a = E zi 28,

k>0

considering a in characteristic zero and x;’s as independent variables. Let

5% ¥ ¢ and o(x;) o 2? and extend ¢ linearly to power series and polynomials.

Define
. o 1 . .

y+%a)if§(¢@ya)—(yaﬁ).

If we write
la =Y 62",
k>0
where Oy € Z[xg, x1, .. .| with coefficients 0 or 1, then
Po(zo, 22, ..., 2% ) = Oo(x0, 21, ..., 7)) — 22" (3.7)

(Here we are identifying P, with the corresponding polynomial with integers

coefficients.) Now,

mﬂazéuw@@+2wen+”g

— (B2 +46p(01 + 205+ ...) +4(6, + 20, + ...)?)]

:?@%f£5+¢mm+ag”y

By induction hypothesis and equation 3.7, we have that O just has
even powers of xg, and therefore, so does [¢(0y) — ©3]/2. Clearly ¢(0,) just

has even powers of x(, which finishes the proof, since

ey, )
KO =56 4 oo~ a2,

Pn+1(x0ax%> cee axin)

(mod 2).

50



Lemma 3.13. Let

e ‘ d
Wn © reduction modulo 2 of F" (i) .
2y+x

Then, w, = dxg/xq.

Proof. Let C be the Cartier operator. Then, since F is the “inverse” of C'
(see [3]), we have that C"(w,) = dxo/xo. On the other hand, since w, is
holomorphic, w, = a dxg/zo, and so C™(w,) = a/?*"dzg/xo. Thus a = 1, and

wp, = dxo/ 0. O
With these lemmas, we prove the theorem:

Proof of Theorem 3.10. The theorem is equivalent to say that dx, = 0 for
n > 1. We prove it by induction on n. With the same notation as in the the
previous lemma, for n = 1 we have:

_ xodxo + dy _%

.TL’% o

w1
where the last equality comes from lemma 3.13. This equation gives us dx; = 0.

Now, assume dz; = 0 fori =1,...,n — 1. We prove that dz, = 0: we
have that w, is given by

_dx, + x%n_ldxo + ...

wTL x%n Y
where all omitted term can be written only with dxq,...,dx,_1, by lemmas

3.11 and 3.12. By induction hypothesis and lemma 3.13, we have

22 Vday 4+ dx,  dxg

I%n Zo ’

which proves that dz,, = 0. 0
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We can now compute the canonical lift modulo 23: the algorithm de-
scribed in section 2.6 does not work, but we can still compute it. We know
that dxy/dzg = 0, and so x5 just has even powers of zy, and from chapter 2,
we know that degx, = 12, with leading coefficient 1, and that degy, < 16.
The third coordinate of the equation is not too complicated, and we simply

write
2
6 Z 2i
To2 = Xy + AQZ' .CL’OZ
i=0
and
7 6
i i
Y2 = g Bi xg + o E C; xy,
=0 =0

leaving the As;’s, B;’s, C;’s and ay as unknowns in the third coordinate of the
equation of the curve, and force the equality by solving the linear system given

by this equation.

Solving that we find an unique solution:

as =ag
To = ag :L"g + xg
Yo = (ag + ag) + (ao + al) 2 + agxg + (1 +a2) x5 + (1 + ag + a?) x5
+ (1 + ag) a5 + a0 5 + 5] vo.
The uniqueness implies that this has to give us the canonical lift and the
Teichmiiller map, as one can also check by analyzing x/y.

To check solutions with smaller degrees, we can try to write

6 4

i !

Ty = E Ai g + Yo E Aj g,
=0 i=0
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and ys as before and try to solve it in the same way, but we will still find exactly
one single solution to the corresponding system, again having the canonical

lift and the Teichmiiller map as the result.

But, in this case, we do have a lift

V= ((Z’O, €, i‘2>7 (y07 Y1, g2))

with deg 25 < deg zo, but in this case, in contrast to what happens to charac-

teristic different from 2, we have degy, > degy,. Such a lift is:

as = ay
Ty = ag ]
Go = (a3 + ag) + (ag + ai + a3) x5 + (ag + ag)
+ (14 ag) g + (1 + a0 + ag) g + 26 + 75 + g

+ [(1+ ad) x + ao x5 + x5 + 5] Yo

If we compute another coordinate, we have deg 3 < 28 and degys < 36,
by our analysis of leading coefficients. Proceeding as described above, we can
try to find the canonical lift and possibly some lift with smaller degrees, we

can set

13 11

i=0 =0
and

17 16

Ys = ZCz’ZBE + %o ZD#’?%,

i=0 =0

and solve the corresponding system. We get, as solutions a3 = a,

I3 = ag+a0x8+Ang+Agx8 +CL’(1)O +CL’(1)2 +y0 (Dlﬁl'g),
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and

ys = ag + ag + ag As + ag Ag zo + ag g + (ag + ag + ag + ag’ + a5 As) x
+ (ag + a2 Ag) x) + (ag + ad + al + aj + ag Ag) x
+ (a2 + a} + ag + ag Ag + ag D1g) x5 + (ag + ag + a3 + ag + al) x5
‘+u%%£+ag+AQ$%+u%%£+ag+A&+Ay+DmM%
+ (1 + a2+ aj + Ag) 2t + (1 + ag + ap + ab + Ag) x}
+ (1 + a2 + ay + Ag) 25® + (1 + ag + a3 + ag) x?
+ (1 +ap + a + ag + Ag) 2% + Ag x3” + o [ag Dis + ag
+ (ad + a2 Dig) x5 + al x5 + (ag + al + ag Dig) @
+ (14 ag + a2 + ad + al + a8 + Ag) 2 + (ag + a3 + ad + Ag + Dig) =
+ (14 ag + Dig) g + (1 + a3 + ay + Dig) x5 + (ao + ag) vp"

+ (ap + ag + Dig) x> + 25> + 23 + Dig 230).

Thus, clearly, to get the minimal and the Teichmiiller lifts, we need to choose
Dig = 0. This leaves us the choices of Ag and Ag. Again, to get minimal
degrees and the Teichmiiller (since dzs/dxy = 0), we choose Ag = 0. So, we
have

T3 = a§ + ap vy + As 1y + 1 + 277,
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and

ys = ag + ag + ag As + ag xg + (ag + ag + ag + ap” + ag As) x + ag 7
+ (ag + ag + ag + ag + ag As) g + (ag + ag + ag) g
+ (a0 + ag + aj + ag + ag) xp + (1 + ag + ag + As) ag
+ (14 aS +a + Ag) 2’ + (1 + a2 + ad) z!
+ (14 ag + a3 + a8 + Ag) xl* + (1 4+ a2 + af) x
+ (1 +ao+ ad + ag) xg* + (1 + ap + a3 + ag + Ag) x3°
+ 9o lag 3 + ad x5 + al xf + (a2 + af) 28
+ (1 +ag+ag + aj + al + af + As) v + (ap + aj + ad) x§ + (1 + ag) «}

+ (1 +aj + ag) 2’ + (ao + ag) gt + (ag + ad) x52 + x> + o]

The choice of Ag = 1+ ag + al + a} + af + a, clearly gives us the smaller

degrees, but in fact, it does not gives us the canonical lift. One can check that

by looking at @/y. The fourth coordinate of x/y is given by,

4 2 2 2 2,.3.3
ToT2¥yi T1X2Y] Ty

2..3 2
I3  XToxiYr  ToT1 T2 Y n n
B 10 10 12 12 14
Yo Yo Yo Yo Yo Yo
8 4 4.9 4 4.4 4 4 2 4 6 5 8,6
TolY; |, ToX1Y1  X1Y1  TpT2Y; , T3Yr | Tox1Yy | TplY
- - -
16 16 16 16 16 18 20
Yo Yo Yo Yo Yo Yo Yo
4,26 4,8 8. 12 4 6 8,2
ToZ1Y1  T1Y1 | ToYp TogT2Y2  ToT1Y1Y2 . ToYi Y2
+ 20 5 T 3 T 12 14 + 16
Yo Yo Yo Yo Yo Yo
4,2 2 8 4 8 2 4.2 8
ToZ1Y1Y2 | TolY1Y2 | ToYa | T1Y2 | ToYs
+ 16 + 0 T 16 T 16 T 6
Yo Yo Yo Yo Yo

The part that has non-positive order at infinity and the part in x3 and y3 is

2. 4 8. 12 8
ToYr |, TolY1 ToYs
16 16

4 4
8 16 32
Yo Yo Yo Yo Yo




Using the expressions of x1, y1, T2, y2, we get that

4 4 2.4 8. 12
ToT2Yr | T3Yp 4 Ty Y1
16 16 32
Yo Yo Yo

has actually positive order at infinity, and since x3/y5 has order 0 (for any
choice of Ag), we have that the Teichmiiller lift had degys = 32, and Ag =

ap + ag + ag. In this case, we have a lift

v = ((wo, 71,22, 3), (Yo, Y1, Y2, U3)),
with deg 73 = deg x5 and deg g3 < deg ys.

On the other hand if we use 5 and 9 as before, we can get a lift

V= ((1:07 L1, :Z'2a §'3)7 (yOa Y1, g2> y:?)))

with

= 8 6 ,.6
x3:a0+a0I0

and

Js = ag + af + (ay + ag + af) xg + (af + ag + af + ag + ai’) x;

+ (ag + ag) w5 + (ao + ag + ag + ag + ag + ag + ag + ap) a5
+ (ag + ag) zg + (ag + ag) xg + (1 + ag + ag + ag) zg
+ (ao + ai + ap + af + ab + ad) 3 + (ag + a3 + ad) xf!
+ (1 +ag+ap +ad) zg? + (1 4+ ag) x> + (a2 + ap) x5°
+ (1 + ap) v + x° + a3t + 232 + 22t
+yo [(ap + ad) x3 + ad xg + (af + ag) x§ + ai x§
+ (1 +ad 4+ al +ad) 2 + (ag + ad + ad) 23 + ag 2}
+ (1 +ad + ag) 2’ + (ap + a2) w5 + (14 ad) 2% + ag vt + 238 + 25" + 23°)]

And so, deg #3 = 12 and deg 73 = 48.
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3.5 Characteristic 3

In characteristic 3, an ordinary elliptic curve over an algebraic closed field (or

over a finite extension of our original base field k) can be put in the form:
yg :$g+x3—|—ao,

(and then, we have the Hasse invariant A = 1) and we consider the canonical

lifting having the same form:
y2 =3+ 22 + a.

We notice that the formulas for the derivatives of z; and x5 remain the
same as for characteristic p > 5 we used before. An analogous analysis to the
one done to prove theorem 2.13 tells us, though, that degxy = 3p* — 1, and in
fact, we can use the modified algorithm described to produce a lifting modulo

33. What we obtain is:

9 12
ar =0, ay=ay+ay,



and

x1 =2aj + agxo + (1 + 2 ap) x5 +

U1 :353 Yo

Ty =2ag +2ay + (ag +2a) xo + ag g + (af + ag + ag + 2af) z§ + 2 af x;
(2a0+a0+a0)x0+a0x0+a0x0 (2ao + af + a) g + 2 af x;’

+ (24 ao) 25" + (2a0 + 2a)) 2> +

Y2 =Yyo [2ay + af + ag x5 + (2ag + af) x5 + 2af zy + (af + 2af) ;)
+ (20§ +2af + ag) z) + ag x§ + (a0 + af) x5 + (2a0 + af + ag) z}

220"+ (2+ag) 2y + (1+2a0 + ap) xy° + 235" + 23]

So, for p = 3, the Teichmiiller lift is also the absolute minimal degree

lift.

If we look modulo 3%, though, we have that deg x5 = 108, with leading
coefficient 2. So, in this case, proposition 3.4 tells us that we have a lift with
deg 23 < 82. We can try to look at such lift to see if similar properties happen
to this minimal lift as it happened to minimal lifts modulo p?® for p > 5, e.g.

is d¥3/dxy = dxs/dre? What is its degree?

To compute the Teichmiiller in this case, it would be useful to know
again the derivative. We wrote a program in Magma to help us, and some

numerical evidence allows us to conjecture:
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Conjecture 3.14. For p # 2 and n > 1, we have that the reduction modulo

p of F*(dx/y) is given by

n

1 n—i_
LS,

Y =0

which implies that

n—1
d:L' n n n n—i__ d$
Dn _ p=G"=1)/(p=1) =1 _ =1 N7 n =) O
dl'o Yo 0 ZZ:; 7 dI’()
Voloch was the first to “guess” the formula above, and we did some

calculations to confirm it in some cases. We checked it to be true for: p = 3

andn <6,p=2>5,7,11,13and n <4, p=17 and n < 3.

The main difficulty of proving this conjecture is maybe dealing with
Buium’s polynomials P;’s (as in lemma 3.12 — or check lemma 2.6 in [1]). Even
with Magma running on fast computers, the computations of such polynomials
take very long for large p’s or large i’s, and there does not seem to be a straight-

forward way to deal with them theoretically to work out a proof.

We now proceed to compute z3. Since we know its derivative (the
conjecture was verified for p = 3 and n = 3), we follow the same idea of the
algorithm described in section 2.6, leaving the coefficients of x3 that cannot
be obtained by the derivative as indeterminates. We can then compute the

canonical lift and the elliptic Teichmiiller map. The expressions are too long
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to be put in here, but as an example, taking ag = 1, we would have:

as =1

T3 =2+ 2z + x5 + 225 + ) + 25 + 225 + 2 + 3yt + 2257 + 220°
+2xy + 22 + 2230 + 2y’ + 225 + 223 + 227 + 2 + xy

+ 223 + 2l + 220 + )T + 22 + 2’ + 2y’ + 227"

Ys =yo [2+ 220 + 220 + 235 + 2l + 23 + 22] + 25 + 2 + 2 1
+ 220" +2x0° + 220 + 1 +apt + a4+ 225 +ap + 223
+ 223 + 23 + 2 + 223 + 228 + 20 + 223 +223° 4+ 227
+ag’ +2x5 + 200 + 22 + 2’ + 1)t 4+ 22 + 22 + 1)’

+ 228 + 2]

In the generic case, we get always the same curve, having
as =2ad" +2a3 +al’ +2a3.

The general formula can be found in the web address cited in chapter 2. To
find the minimal degree lift to the canonical lift, we proceed in an analogous

way as in theorem 3.6, we make the division of polynomials

x3 = f(x0)" q(x0) + 23,  (f(xo) = 2 + x§ + ao)

and define

s = o — 31 (20) (o).

60



Again, (in the general case) we get that degZs = 80, not 82 as it could be.

For ay = 1 again, we would have:

F3=1+2xp +a5+225 +a) + 2+ 220 + 2’ + it + 2252 + 225 + 255
+x38+2x30+x35+x37+2x(2)8+2x39+x30+x32+2x34+x35+x37

+ 2 ng + xéo

U3 =yo[2 + 223 + 228 + 225 + 2l + a) + 220 + 2t + 1 + 205 + 2287
+2x38+2x39+x30+x31+x32+2x33+2x37+2x38+2x30+2x31
+ 2l +2a3 + 228 + ag® + 225" + 220 + 220 4+ 25 + 1)t + 22

+2x82+x83+2x85+2x86]

(Again, one can see the general formula at the web address.)

We also observe that x3 and Z3 have the same derivative (even in the
generic case), and many of the properties observed in section 3.3 for Z, will
hold here for Z3 in a very similar way: the Frobenius will also lift and z3 will
give us the absolute minimal lift, and thus the minimal degree occurs for the
canonical lift, and lifting to every other curve will give a map 3 with degree
larger or equal to 82. For the first claim, just observe that z3 — Z3 and y3 — 93
are 3-powers. The second claim follows from analyzing the part of x/y that
can be singular, namely

9.3 27
T3 2xiyy | 223" ys

27 54 54
Yo Yo Yo

Rewriting

1
0
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we get an expression for the terms of higher power in z of 3 that makes it the
one from Teichmiiller, and if deg #5 < 80, we can add this terms and modify
75 to get the Teichmiiller (again, as in section 3.3), which forces the curve to

be the canonical lift and the degree to be 80.
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Chapter 4

Hyperelliptic Curves

4.1 Minimal Degrees

Again, let k be a perfect field of characteristic p # 2, and consider the (non-

singular) hyperelliptic curve given by

C/kyg:f($0)v

with deg, f = d > 3. Let € be the number of points at infinity of C', and let

U denote the affine part of C.

Theorem 4.1. Suppose that we have a curve

C/Wa(k): y* = f(x)

with reduction C' modulo p such that there is a lift of the Frobenius to the affine
part of C. Assume that the first part of conjecture 3.14 holds at least for n
and p, and that the lift of U to the affine part of C associated to the Frobenius
1S given by

v=_(xo,x1,--,Tn) Yo, Y1, -+, Yn)),
where x;’s are polynomials in x¢ and with degz; = d(p' — 1) + 2 and degy; <
[i(d—2)+d]p'—i(d—2)p"~t, fori =0,...,(n—1). Then, degx, > d(p"—1)+2.
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If we have the equality for degx,,, we must have

n—1
dx n n—i_q dax;
Tn o Yo =1/2 N -1 O

for some \ € k.

Proof. First, we observe that the first part of conjecture 3.14 depends only on
the existence of the lift of the Frobenius and on Buium’s polynomials P;, for

1 < n.

Let ¢ denote the Frobenius map and its lift to C, and let U denote the
affine part of C'. Then, the conjecture states that the reduction modulo p of

F"(dx/y) is given by

def 1 = pr-i—1) dx;
W = —5 ,f(j‘l. E— dl’o.
Yo ; dig

Let P be a point at infinity of C'. We have

d 2 - n—i__ d 7
ordp(w) = p”z — (E + 1) + ordp (Z A d—;) .
i=0

To simplify the notation, we will denote the last summand above a. Also,
let B denote the number of zeros, counted with multiplicity, of w in U. Since
dx/y is regular on U, w must be regular on U. Then, by the Riemman-Roch

theorem, we have

d—¢

ea+dp" —2+e)+[5=2 —2=d—(e+2).

Hence,



By hypothesis, we have

ordp <xfni_1 dx,-) - _ {(pn—i —1) dp'—1)+2 N dp'—=1)+2 2

dxg € € €

_ [dp" — (d—2)p" +2] 1)

Y

€ €

fori=1,...,(n—1). Therefore

ordp (dx”) < — M’

dxg €
what implies that degz,, > d(p" — 1) + 2.
We have the equality if, and only if, 5 = 0. But then, ordp(w) =
d/e — (2/e + 1) = ordp(dzo/ys). So, if we write w = gdxy/yo, for some g in
the function field of C, g has no zeros or poles at infinity. Since w and dzq/yo

have no poles in U, g has no poles at all, and thus A o g € k. Thus, we have

Yo

what implies the formula for the derivative.

O

The proof of the above theorem, for p = 3, d = 6 and n = 1, that could

be easily generalized, was shown to the author by Felipe Voloch.

We observe that curves of genus g > 1 do not have a lift of the Frobenius
(see [5]), so the restriction to affine parts is necessary if ¢ > 1. On the
other hand, Mochizuki showed in [4] that there is a lifting of the Frobenius in
some open subset of an ordinary curve of genus ¢g defined by taking off some

(g—1)(p—1) points from the curve. This was what motivated Voloch to prove
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the above theorem for p = 3, d = 6 and n = 1: in this case, the curve has
genus 2 and is necessarily hyperelliptic, and we have two points to be taken

off, that maybe can be put at infinity.

We also note that, although the hypothesis of the theorem seem very
strong, it is still gives us some nice results. Besides the case of Mochizuki lift

just mentioned, we have:

Corollary 4.2. Let v be a lift from the affine part of C to the affine part of
C/Wy(k). Then, degxy > d(p — 1) + 2, and if we have the equality, we must

have that the coefficient of xg_l in f(xo)P~V/2 say A, is non zero and

dI‘l _ _ _
T = AT ) a7

Proof. Remember that having a lift modulo p? of U gives a lift of the Frobenius
modulo p?, and we can assume that ; is a polynomial in z¢ and y; is o times
a polynomial in xzy. Also, the conjecture 3.14 is true for n = 1. Finally
degxy = 2 and degyy = d. So, we can apply the theorem 4.1 with n = 1. The
fact that A = A~!, comes from the fact that a derivative of a polynomial in

. g . —1
characteristic p cannot have a term in zf .

O

The above corollary gives a better lower bound for the degree of x;
than the one stated in [8], theorem IV.2, for the case of hyperelliptic curves,
and it is a little more general, since that theorem just applies for d odd. Also,
it gives us a necessary condition to achieve the lower bound: in order for

A7 f ()P~ D/2 — 2271 to be a derivative, f(z)®~1/? cannot have a coefficient
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-1 5. . . .
of zi"" different from zero, except for r = 1, in which case such term is

necessarily non zero.

The condition also seems to be sufficient: we tried several cases when
the condition was satisfied and we were always able to find a lift with the

minimal degree.

Also, another interesting corollary of theorem 4.1 is that for elliptic
curves, if we proceed finding minimal lifts modulo higher powers of p that give
lifts of the Frobenius, then the derivatives of the z,,, by induction, would have

to be the same as the derivative of x,, and thus degz, = 3p"™ — 1.

4.2 Mochizuki Lifts

We will now analyze in more detail the case of Mochizuki lifts. As mentioned
before, for p = 3 and g = 2, we would have to take off two points of the curve
to have a lift of the Frobenius. Every curve of genus 2 is hyperelliptic, and if
those points to be taken off are invariant by the hyperelliptic involution, we

can assume that those points are at infinity. So we will consider the curve

C/k:y5 = f(wo),

where k is a perfect field of characteristic 3 and deg, f = 6. In order to have
the minimal degree, we will assume there exists an A € k* such that A= f(zq)—
x3 is a derivative, i.e., it does not have the terms in 22 and . Therefore, A
is the coefficient of 22 in f(x¢), and working in some finite extension of k, we
may assume A = 1. Also, the coefficient of x§ has to be zero. So, we can
assume that

f(xo) = z§ + aoxy + Boxy + x5 + Yozo + do.
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But, with the linear change of variables

(20, Y0) — (zo + €0, Y0),

with €y satisfying 2¢§ + ag € + Sy = 0 (again, maybe in some finite extension

of k), allows us to consider f given by
f(il?o) = .flfg + ao.ilfé + .T(2) + b(]l‘() + Cp.

In this context, such a curve is “ordinary” if ag # 0.

Assuming that the lift will have minimal degrees and using the formula
for the derivative of x; from corollary 4.2, we can use the same algorithm
described for elliptic curves in section 2.6 to compute the Mochizuki lift. We

have a lift of the form
C/Wy(k) : y* = x® + ax* + x* + bx + c,
with
T :x5+%zg+2aozg+
0

ag g+ 2a5+2a3 b3+ 2ai co + 2ad b3 co + 2 a g + ad + by w
0

2
ap
4 3 2

5

+2b0$3+00$0+
ap

Fy = (2a} + ap) xy + 2agbo xy + (2ad + 1) x5 + (2a bo + bo) xo + 2 ag co + b

ay = 2a) cg+2 a)+ag b3 +ag co+ag b co+ag ca+2 ag+ag co+2 ag by+ag+2 b3 +co

bi = [2a{ b} g +2af b + af by + ad b co + af by ¢ + ag by co + aj b ¢

+2 ad b + a by co + ag by + 2 af bl + 2 al by co + ag by + bo| ap®
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_ alcd +2adb3 2 +2ag by + ad by co +2adbi + 2b3

C1
ag

(Remember that y,, = yo F,,, with F}, a polynomial in z.)

I also checked the case ap = 0 (when C'is not ordinary), where we have:
wy =35 +2bpx + (208 + 202 co + 22+ 1) w3 + 2b 23 + ¢ 20
I :x(2)+bozco+bg
a; = 2b5 + co
by = bg + b co + b co + 263 + by ¢
c1 =2b3ck

If the curve with ag # 0 indeed corresponds to the Mochizuki lift, we

should be able to also lift the Frobenius modulo 3%. To compute the lift, say

V= ((Z’O, €, x2)7 (y07 Y1, y2))7

that will give the lift of the Frobenius, we use proposition 3.9. We then have

that
drs
dl‘o

Therefore, we have that deg, x» > 25. We have done the calculations and

= yh — x5 — o1 (U5 — %o)-

found that the minimal lift having such derivative has in fact deg, x> = 25
if ag # 0. Checking the minimal lifts for ag = 0, we found that if by # 0,
then again deg, xy = 25. If ap = by = 0, then deg, z» = 30. But, we still
need to guarantee the existence of the lift of the Frobenius. To check that, we

construct polynomials P and @ in Ws[x| and Wj[x, y] respectively, such that

o(z,y) = (x + px1 + P* P,y + py, + 1’ Q).
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is a lift of the Frobenius. We do that by following the idea behind the proof

of proposition 3.8, more precisely formula (3.5) and its analogue for §%y. We

p(p—1)

need then, that zo — 25" 27 minus the reduction modulo p of (x(xf) —

x1(x)?)/p + (dx,/dx)’(xP) - x; is a p-power, which we get by our choice of

the derivative of x5, and also yy — yg(p_l)

(Y7 (2P, y") — z1(z,y)P)/p + (0y,/0x)? (xP, y") - T1 + (Oy,/0y)’ (xP, y") - y,

is a p-power. We actually checked both cases, i.e. ag # 0 and ag = 0, and in

y; minus the reduction modulo p of

both we could find a lift of the Frobenius. The formulas for P and @ when
ag # 0 are too long to be put in here, but if ay = 0, we have that P(x)? and
Q(x,y)? are lifts of

(b5 + 203 24 bf e+ 2b8 ¢ + b3 cS +2¢))
+ (B3 4+ 265 + 25" + 2bg co + 267 co + by co + 2 b3 co + by ¢ + 23 cp)
+ (14208 + 2050 + 203 + b5 co + 263" co + 205 o + bS5 + 2 b3% ¢
+ b3 b e 4+ b0 el + 205t e 4+ 2.¢5 + by ¢y + by g 4+ bpZ e + 2 b2 ¢
+ b5 e A S A bEZ S+ 205 ¢ + ci?) ) + (20) + 2b) + b co + 203 ¢3) xp?
+(b§+2b8+2c0)x35+(ng+2b35+260c0+2b8c0
+2b3 2+ b)Y (14 b 4+ 265 co + b5 e +2¢5) 2

+ (b + by + 23 co + 263 ) 23 + b3 23°



and

Yo [260° + byt + bp® 4+ 25 co + 265 co + 26y co + 265 ¢ + ¢
b2 el + 205 ¢S +2¢) + (BT 4268 + by co + b co + b cE + 20 ¢
+ 2B ) w4+ (1 + 2652 + 265 3 4+ 2¢8) a8 + 26 o)
+ (203 +co+ ) 2031 + (2420 + 285 ¢ +265) 1)
+ 265 227 + 230
respectively. The existence of this lift of the Frobenius leads us to believe that

indeed what we just obtained is indeed the Mochizuki lift of C.
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