MINIMAL DEGREE LIFTINGS IN CHARACTERISTIC 2
LUIS R. A. FINOTTI

ABSTRACT. In this paper we analyze liftings of hyperelliptic curves over perfect fields in
characteristic 2 to curves over rings of Witt vectors. This theory can be applied to construct
error-correcting codes, and lifts of points with minimal degrees are likely to yield the best
codes, and these are the main focus of the paper. We find upper and lower bounds for
their degrees, give conditions to achieve the lower bounds and analyze the existence of lifts
of the Frobenius. Finally, we exhibit explicit computations for genus 2 and show codes

obtained using this theory.

1. INTRODUCTION

In this paper we analyze liftings of hyperelliptic curves over perfect fields of characteristic
2 to curves over rings of Witt vectors (characteristic 0). As we shall discuss later, these
liftings can be used to construct error-correcting codes, and we will focus on particular
kinds of liftings that are likely to yield good codes. For reasons that will become quite clear
later on, we shall refer to those particular liftings as minimal degree liftings.

The case of characteristic p > 2 was dealt with in [Fin04], and we shall prove here
similar results for p = 2. We observe that for concrete applications to coding theory, this
case is especially important, since we can obtain binary codes, which can be effectively
implemented.

As with the case p > 2, these minimal degree liftings are also of independent interest,
and although we shall keep their applications to coding theory in mind, we will not restrict
ourselves only to results that are relevant to this particular aspect. We shall also study, for
instance, liftings of the Frobenius and the relations of minimal degree liftings with canonical
liftings.

This paper is organized as follows: in section [2] we give a brief introduction to algebraic
geometric codes over rings, which was first introduced by Walker in [Wal99]. Our goal in
this session is to only give a rough idea of how such codes are obtained and to motivate the

introduction of minimal degree liftings.
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In section [3| we introduce some definitions and notation that will be used throughout this
paper and in section [4| we give a precise definition of minimal degree liftings.

In section [5| we discuss liftings of the Frobenius and define the notion of a lift of the
Frobenius associated to a lift of points.

With the background established by the previous sections, we are able to state in section
[6] the main results of this paper, while leaving the proofs to the later sections.

In section [7] we prove some technical results about Witt vectors and valuations which are
then used in the proofs of the main theorems.

Sections [§] and [9] contain the proofs of the upper and lower bounds, respectively, for the
degrees of the minimal degree liftings, while section [I0] has the proofs of the statements
about achieving degrees exactly equal to the lower bounds.

Section 11| contains the proofs of the main results about lifting the Frobenius map to char-
acteristic zero. In particular, it proves that minimal degree liftings satisfying the established
lower bounds always have a lift of the Frobenius modulo 8 associated to the corresponding
lift of points.

In section we exhibit explicit examples of lifts (modulo 16) of hyperelliptic curves of
genus 2 whose degrees are equal to the lower bounds.

Finally, section [13| contains examples of error-correcting codes.

2. ALGEBRAIC GEOMETRIC CODES OVER RINGS

In this section we follow sections 2 and 3 of [VWO00], adapting the notation and some
results to the particular cases in which we are interested here.

Let k be a finite field of characteristic p (not necessarily equal to 2) and W;(k) be the
ring of Witt vectors of length | over k. Also, let C/W;(k) be a projective curve with good
reduction modulo p, C/k be its reduction modulo p, P def {P1,...,P,} be a set of W(k)-
rational points of C' with distinct reductions modulo p, say {P1,...,P,}, D be a Cartier
divisor of C such that no P; is in the support of D, and L def L(D) be the sheaf associated
to D (as in section I1.6 of [Har77]). Observe that one can think of L as a set of functions

on C which are regular on the support of D.

Definition 2.1. Let C, P and L be as above. We define the algebraic geometric code over
W (k) associated to C, P and L, denoted by Cyy,1)(C,P,L), as

Conyi) (C, P, L) E {(F(P1),...,(f(Pn) = f €L} (Wilk)™

The next theorem summarizes some of the main results of [Wal99|:

Theorem 2.2 (Walker). Let C, P def {P1,...,Pn}, D, L and C def Cw,; (k) (C, P, L) be as

above and let g denote the genus of the curve C. If (2g—2) < deg D < n, then C is a linear
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code over Wi(k) which is free as a Wi(k)-module. Moreover, C has rank deg D + 1 — g and

minimum Hamming distance at least n — deg D.

We are particularly interested in codes over Z/p'Z, where p is a prime. If k = Fp, the
field of p elements, then W, (k) = Z/ p'7Z, and the algebraic geometric codes above are then
codes over Z/p!Z. On the other hand, if k is a finite field of characteristic p, but k # F Dy
one can apply the trace tr : Wj(k) — W(FF,) to each coordinate of all codewords to obtain
codes over Z/p'Z

When p = 2 we can obtain non-linear binary codes from codes over Z/2'Z by using the
generalized Gray map, defined by Carlet in [Car98], which is a map G : (Z/2'Z) — ]‘F%l_1
such that the Hamming weight of G(z — y) is equal to the Hamming distance between
G(x) and G(y), i.e., G is distance preserving. The binary codes are obtained by applying
G coordinatewise to the codewords of the Z/2!Z-codes.

Since we are mainly interested in these binary codes, whenever | = 2 (and p = 2) the Lee
weight for the codes over Z/4Z is of interest, instead of the the Hamming weight, since in
this case the Lee weight of a codeword over Z/47Z is equal to the Hamming weight of the
image of this codeword under the generalized Gray map applied coordinatewise. (Observe
that for [ = 2, G is equal to the original Gray map, defined by G(0) = (0,0), G(1) = (0, 1),
G(2) =(1,1) and G(3) = (1,0).)

A computation (see [VWO00]) shows that if ¥ = (x1,...,2,) is a codeword of length n
over Z /A7, then the Lee weight of &, denoted by wr,(Z), satisfies

wr,(¥) >n — 262””1/4 . (2.1)

Hence, to find lower bounds to the minimum Lee weight of a code over Z/4Z, it suffices
to find an upper bound for the exponential sum above, and thus, in the case of algebraic
geometric codes (with [ = 2), where the codewords are of the form (tr(f(P1),...,tr(f(Py)),
with f € L and P = {Py,...,P,}, we need to find upper bounds for the absolute value of

the exponential sums

n
Sf d;f Z eQm’tr(f(Pj)/zL,
j=1

for f e L.
In fact, more generally, if p! # 4, one can use Fuclidean weights instead of the Lee weight:

given x € Z/p'Z, the Euclidean weight of x is given by

2
wp(T) o \/2 — 2cos (;rl:p)?
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and if Z = (z1,...,2,), then

When p' = 4, ones has that wy(z) = 1/2w%(x). But, in general, we have that

w (L) > 2n — Z e2miz; /P!

and if & is a codeword of the form (tr(f(P1),...,tr(f(Py)), as above, but with arbitrary
p and [, then to find a lower bound to the Euclidean weight of the code, it suffices to find

an upper bound for the absolute value of

5p S mitF B (2.2)
j=1

for f € L.

Let then k be a finite field of characteristic p, C/k and C/W(k) be curves as before and
U and U be open subsets of C' and C, respectively, such that U is the reduction modulo
p of U. Also, let v be a lift of points on U, i.e., a map v : U(k) — U(W;(k)) that is a
section of the reduction modulo p. So, if ¥(P) = P and f is a function regular in P, then
f(P)= fov(P),and fov = fo, f1,...,fi—1), where each f; € k(C), for i =0,...,1 —1,
and k(C) denotes the function field of C. Since f is regular at P, all the f;’s are regular at
P.

So, fix a function f and let
P={Py,....,P,} ={v(P): P U(k) and f is regular at v(P)}. (2.3)

In this situation, Voloch and Walker found an upper bound for the exponential sum (2.2]),
more precisely, Theorem 3.1 of [VW00] states:

Theorem 2.3 (Voloch-Walker). Let k = F, be the field of q elements with characteristic p,
f be a function on the curve C/W,(k) and P be as in equation (2.3). Let also {Q1,...,Qs}
be the set of poles (in C(k)) of the coordinates of f ov, and vy, be the valuation of k(C)
given by the order of vanishing at Q;. Finally, let g be the genus of the curve C and assume
that f ov z's not of the form o(g) — g + ¢ for any g € Wi(k(C)) and ¢ € Wi(k), where
a(go,...,gl) (go,...,glp). Then

1S¢] < 29—1+Z max {—p'" g, (fi)} R(Q)) : K] | %, (2.4)

0<i<(l-1)

where k(Qj) is the minimal field of definition of Q;.
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Hence to have a larger bound for the Euclidean weight of the algebraic geometric codes
over Z/ p'Z, and hence larger Lee weight when p! = 4, we need to have a smaller value for
|S¢|, and thus we want the coordinate functions of f o v to have small order of poles at the
Q;’s, and in order to have the best possible bounds, we look for lifts of points v that yield
minimal order of poles. This will be the motivation for our definition of minimal degree

liftings.

3. CONVENTIONS AND DEFINITIONS

Before we state the main results, we need to establish some notation and review a few
previous results.

Throughout this paper, k will be a perfect field of characteristic 2. (For the applications
to coding theory k will be a finite field, but the theoretical results hold in the more general
case of perfect fields.) Also let

Clk : yo+ g(zo) yo = f(x0), (3.1)

be a (non-singular and projective) hyperelliptic curve over k, where f(xg) is a monic polyno-
mial of odd degree (as a polynomial in xg), which we shall denote by d, and g(xo) has degree
(as a polynomial in z¢) less than or equal to (d — 1)/2. Therefore, C' has genus (d — 1)/2,
there is only one point at infinity, which we shall denote by P, and the polynomials g(zg)
and (f'(zo) + ¢'(z0) yo) have no common zeros on C (since C' is non-singular).
Let w denote the holomorphic differential

def dyo _ dxo

~ f(wo) + g (z0)yo  g(wo)
which has no zeros at the affine part of C' and a zero of order (2d —2) — (d+ 1) = (d — 3)
at Ps.

(3.2)

Also observe that, by the Riemann-Roch Theorem, or more precisely, by [Sil85] Corollary
I1.5.5(b), every hyperelliptic curve over k of genus (d — 1)/2, for any odd number d, can be
put in that form.

Also, let

C/W(k) : y* +g(x)y = f(z) (3.3)
be a hyperelliptic curve over the ring of Witt vectors W(k), where f is a monic polynomial
of degree d (i.e., same degree as f), the degree of g is less than or equal to (d — 1)/2,
and such that the reductions of f and g modulo 2 are f and g respectively (i.e, C' is the
reduction modulo 2 of C).

Note that since C is non-singular, C is also non-singular, and so 2y + g(x) and f'(x) —

g'(x) y have no common zeros on C. And, similarly as done with C, let P, denote the
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point at infinity of C' and let w denote the holomorphic differential
def dy B dx
fll@)-g(x)y 2y+gx)
We shall often identify C' with its Greenberg transform G(C'), which is an infinite di-

mensional scheme over k, defined in the following manner: writing * = (zg,x1,...) and
y = (Yo, ¥1,- .- ), where the z;’s and y;’s are variables, one can expand both sides of equa-
tion using the addition and multiplication of Witt vectors. The equations (on the z;’s
and y;’s) obtained by comparing the coordinates of the Witt vectors in both sides of this
expansion are the equations that define G(C).

As mentioned in section[2] in our construction of codes we shall use lifts of points between
open sets of C' and C. For us these open sets will always be the affine parts of C' and C.
So, let U and U denote the affine parts of C' and C respectively. We then define:

Definition 3.1. A [lift of points from C/k to C/W(k) is a regular map

v:U(k) - UW(k)) ~GWU)(k)
which is a section of the reduction modulo 2. (Hence, in this paper, we consider lifts of

points between the affine parts only.)

In terms of the Greenberg transform, a lift of points
v:Uk) — UW(k))
can be written as

V(I()a yO) - (xﬂa Fl(fUO,yO),FQ(JUanO)a -5 Y0, G1($an0)7 G2($07y0)7 cee )a (34)

where, since this map cannot have any poles in the affine part of C, we have in fact that
F;,G; € k[xg, yo]. Also, we will write Fp def zo and Gy def Yo-

Remember that we are after lifts v that will yield minimal order of poles for the coor-
dinates of compositions of v with functions in C. In our applications our divisor D (as in
section [2)) will be a positive multiple of P, and hence the functions in £(D) are polyno-
mials in W(k)[x,y]|. Therefore, to have the best lower bound for the minimum Euclidean

(or Lee weight, if p' = 4), we need to have lifts v such that the coordinate functions of
xov = (xo, F1,Fs,...)

and
yOV:(yO,Gl,GQ,...)

have minimal order of poles at P.
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Observe that in both [Fin02] and [Fin04] we referred to “degrees” as degrees as polyno-
mials in xg. To say that the F;’s and G;’s have minimal degrees as polynomials is the same
as to say that these functions have minimal order of poles at P,,. This was convenient in
those papers since we mostly dealt with polynomials in a single variable, namely with k[zo].
The case of characteristic 2 is rather different and we will have to deal with polynomials in

two variables, and so we will adopt a different convention here.

Definition 3.2. Let h be a function in the k(C'). Then the degree of h, denoted by deg h,
is defined as the number of poles of h counted with multiplicity. (Note that this is the same
as to define degh o [k(C) : k(h)], by [Sil85] Proposition I1.2.6(a).)

Hence, degxy = 2 and degyo = d. Whenever we need to refer to the degree of some
function as a polynomial, we shall explicitly say so.
So our goal is to obtain lifts of points v whose coordinate functions F;’s and G;’s have

minimal degrees.

4. MINIMAL DEGREE LIFTINGS

As in [Fin04], we have a few different choices when dealing with minimal degree liftings.
First, one can choose which coordinate is to have its degrees minimized, i.e., one can either
minimize the degrees of the F;’s (as in equation ) or of the G;’s. In general, one cannot
minimize both at the same time. Secondly, one can either assume that the curves C' and
C are fixed a priori, and then find lifts of points between (the affine parts of) those curves
with minimal possible degrees (for the chosen coordinate), or we can assume that only C'is
fixed, and then find a lift C of C' which has a lift of points with minimal degrees (for the
chosen coordinate) among all lifts of points from C to any other lift C.

We will make these notions precise in the following two definitions below.

Definition 4.1. Let C' and C be curves given by equations (3.1) and (3.3)) respectively.
A minimal degree lifting from C to C/Wa(k) with respect to y (resp., x) is a lift of points

v:U(k) — U(Ws(k)), with
v(z0,y0) = ((wo, F1), (o, G1)),

where deg G (resp., deg F}) is minimal.
Inductively, a minimal degree lifting from C to C /Wy +1(k) with respect to y (resp., x)

is a lift of points v : U(k) — U(W,41(k)), with

V(-rOvyO) - ((anFIa e '7Fn)7 (y()aGla . Gn))a

where the reduction modulo 2" is a minimal degree lifting from C to C /W, (k), and deg G,

(resp., deg F,) is minimal.
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Definition 4.2. Let C be a hyperelliptic curve given by (3.1). An absolute minimal degree
curve modulo 4 over C' with respect to y is a curve C/Ws(k) (given by (3.3))) which reduces
to C' modulo 2, and which satisfies the following property. Let

v(zo,90) = ((wo, F1), (v0, G1))

be a minimal degree lifting from C' to C with respect to y, and let C/Wa(k) be any curve

that reduces to C' modulo 2. Then for any minimal degree lifting with respect to y

7(z0,50) = ((zo, F1), (y0, G1))

from C to C, we have deg G1 > deg G.
Inductively, an absolute minimal degree curve modulo 2" over C with respect to y is a
curve C /W, 1(k) whose reduction modulo 2" is an absolute minimal degree curve modulo

2" over C with respect to y, satisfying the following property. Let

V($0)y0) = ((x()aFla .- '7Fn717Fn)> (y07G1a s 7Gn717Gn))

be a minimal degree lifting with respect to y from C to C, and let C/W, (k) be any
curve whose reduction modulo 2" is equal to the reduction modulo 2" of C. Then, for a

minimal degree lifting with respect to y

77($0,y0) - ((anFla .. 'aanlaFn)v (yO,Gla .. 7Gn71,én))

from C to C, we have deg G,, > deg G,,. In this case we call the minimal degree lift v from
C to C an absolute minimal degree lift (of points) with respect to y (modulo 2"+1).

We also have the analogous definitions with respect to x, rather than y.

In contrast with the case of p > 2, where liftings with respect to « and y had very similar
properties, here these two liftings are quite different. One will notice that the lifting with
respect to y in this case has properties very similar to the properties we have when p > 2,
but for the x coordinates, the cases p = 2 and p > 2 are quite different.

One of the author’s first motivations to deal with minimal degree liftings was to try to
lower the degrees of the elliptic Teichmiiller lift, which is a special lift of points in the case
of ordinary elliptic curves (i.e., genus 1 or d = 3), which we shall now briefly describe.

Let k be a perfect field of characteristic p > 0. (We do not assume that p = 2 for
this part.) We say that an elliptic curve E/k is ordinary if the p-torsion subgroup of E
is isomorphic to Z/pZ. Associated to an ordinary elliptic curve E, there exists a unique
(up to isomorphisms) elliptic curve E over W(k), called the canonical lifting of E, and a

map 7 : E(k) — E(W(k)) (not only between the affine parts, but for the whole projective

curves), called the elliptic Teichmiiller lift, characterized by the following properties:

(1) the reduction modulo p of E is F;
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(2) if o denotes the Frobenius of both k and W(k), then the canonical lifting of E° (the
elliptic curve obtained by applying ¢ to the coefficients of the equation that defines
E)is E7;

(3) 7 is an injective group homomorphism and a section of the reduction modulo p;

(4) let ¢ : E — E? denote the p-th power Frobenius; then there exists a map ¢ : E —
E?, such that the diagram

E(W(k)) —2— E°(W(k))

E(k) ——  E°(k)
commutes. (In other words, there exists a lift of the Frobenius.)

This concept of canonical lifting of elliptic curves was first introduced by Deuring in
[Deudl] and then generalized to Abelian varieties by Serre and Tate (see [LST64]). Apart
from being of independent interest, this theory has been used in many interesting appli-
cations, such as counting rational points in ordinary elliptic curves, as in Satoh’s [Sat00],
and counting torsion points of curves of genus g > 2, as in Poonen’s [Poo01]. Also, one can
clearly use ordinary elliptic curves and the elliptic Teichmiiller lift in the construction of
codes described in section [2| and, in fact, the codes constructed by Voloch and Walker in
[VWO00] were obtained this way.

In order to improve the bounds for the codes that would be obtained using the Teichmiiller
lift

7 = ((wo, F1, Fa,...),(y0,G1,Ga,...))

we would need to reduce the degrees of the F;’s and G;’s. Proposition 4.2 in [VW00| states
that the degrees of F} and G cannot be improved. On the other hand, the degrees of the
F;’s and G;’s for i > 2 can almost always be improved. If p > 3, then one can choose
to either reduce the degrees of the F;’s without increasing the degrees of the G;’s, or the
other way around. On the other hand, for p = 2, we can still reduce the degrees of the
G;’s without increasing the degrees of the F;’s, but we cannot reduce the degrees of the
F;’s without increasing the degrees of the G;’s. In fact, in this case, the degrees of the
G;’s increase considerably. Hence, it seemed more natural to first consider minimal degree

liftings in characteristic 2 with respect to y instead of «.

5. LIFTS OF THE FROBENIUS

In this section we briefly discuss lifts of the Frobenius. We probably should start by

observing that the question of whether or not such lift exists is of purely theoretical interest
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and has no application to the explicitly construction of codes or apparent relation with how
good the obtained codes are.

Let C be a hyperelliptic curve given by equation . Let, as before, o denote the
Frobenius of k (now of characteristic 2), and C? be the curve given by the zeros of the
equation defined by applying o to the coefficients of the equation that defines C'. Then, the

relative Frobenius is a morphism
¢:C —C°

defined by ¢(0,y0) < (a3, 43)-

Certainly in characteristic zero one does not have a naturally defined analogue of the
Frobenius map. On the other hand, we can look for liftings of C' for which we have a lift of
the Frobenius. More precisely, if o denote also the Frobenius in W(k), can one find a curve

C, given by an equation as in ({3.3|) for which there is a morphism
¢:C—C?,

such that the reduction modulo 2 gives the Frobenius of C' (as in the case of ordinary elliptic
curves)? In general, the answer is no. Raynaud showed in [Ray83] that curves of genus
greater than one have no lift of the Frobenius. Moreover, only ordinary elliptic curves have
lifts of the Frobenius. On the other hand, for (smooth) affine curves over W, (k) with good
reduction, there is always a lifting of the Frobenius. (Although not entirely immediate, a
proof of this result in the case of plane curves can be obtained by using Lemma [8.1] and a
slightly modified version of Lemma M)

As one can see from [Bui96] and [Fin04], lifts of points and lifts of the Frobenius are
somewhat related. (For example, Theorem 4.1 in [Fin04] states that having a lift of points
modulo p"*! gives a lift of the n-th power of the Frobenius modulo p"*!.) To make this
connection between lifts of points and lifts of the Frobenius more precise, we introduce the

following definition:

Definition 5.1. Let C/k and C/W, (k) be curves given by equations (3.1 and (3.3) re-
spectively and v : U(k) — U(W(k)) be a lift of points between the affine parts. Let also
¢ : C — (C° denote the Frobenius map in characteristic p. We say that ¢ : U — U” is a

lift of the Frobenius associated to v if it is a map that makes the diagram
— d) - —
U(Wy(k)) —— U7 (Wy(k))
U(k) ——  U%k)

commute.
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Note that a lift of the Frobenius associated to a lift of points is, in principle, only a map
between the affine parts of C and C?. Clearly, in the case of ordinary elliptic curves, the
lift of the Frobenius associated to the elliptic Teichmiiller lift can be extended to the whole
curve.

So, one can ask about the existence of lifts of the Frobenius that are associated to
particular lifts of points. For instance, for (projective) curves of genus greater than one in
characteristic p > 2, Mochizuki showed in [Moc96] that (in most cases) there is a lift of the
Frobenius in an open subset of the curve associated to a lift of points which has “small”
degrees. In section we show that some special examples of minimal degree liftings (in
characteristic 2) have lifts of the Frobenius associated to them, at least modulo 8. Also, it is
worth noting that in characteristic p > 2 we also often have lifts of the Frobenius associated
to minimal degree liftings, and for p = 3, the Mochizuki liftings are in fact minimal degree
liftings. (See [Fin04].)

6. STATEMENTS OF MAIN RESULTS

In this section we state the main results of this paper, while leaving the corresponding
proofs for the later sections.
This first proposition, proved in section [8] gives upper bounds for the minimal degrees

of the lifts of points with respect to y in the most general situation.

Proposition 6.1. Let C and C be as in equations (3.1) and (3.3|) respectively. Then, the
minimal degree lifting from C to C with respect to y,

v(zo,yo) = ((zo, F1, Fa,...), (yo, G1,Ga,...)),

satisfies

deg Gy < 4(d — 1) + (d - 2),
deg F1 < max{4,2degg+ (d —2)},

and forn > 2,

deg G, <2"1(d = 1) + (d - 2),

-2
deg F,, <2" <2+n3(d2)>‘

The next proposition, also proved in section [8] improves the upper bounds for the degrees
of the F},’s in Proposition by the addition of extra conditions on the degrees of F; and
(1, which, as we shall soon see in Proposition are often satisfied.
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Proposition 6.2. Let C and C be as in equations (3.1)) and (3.3)) respectively, and assume
that the minimal degree lift of points with respect to y modulo 4 is such that

deg Gy <2 <d+ 5(d8_2)>,

d—2
degF1§2(2+5(8)>.

Then, the minimal degree lift of points from C to C with respect to y,

v(wo,y0) = ((zo, F1, Fy, ... ), (Yo, G1, G, . . .)),
satisfies, for n > 2,

deg G, <2 Hd —1) + (d - 2),
5(d—2

deg F, < 2" <2+” (8 )>.

As mentioned in section [}, if one now tries to minimize the degrees with respect to x,
the degrees in the y coordinate tend to increase considerably.

Although this seems to ruin the possible obtained codes, one should notice that if the
Cartier divisor in question, as in section [2, is of the form D = nP,, with n < d, then the
functions in £L(D) are all powers of , and hence the G;’s are irrelevant to the code. Hence,

it does make sense to consider such lifts.

Proposition 6.3. Let C' and C be as in equations (3.1) and (3.3) respectively. Then, the

manimal degree lift of points from C to C with respect to x,

V(anyO) = (($07F17F2a s )) (y07G1aG27 s ))7
satisfies, forn > 1,

degF,, <2"degg +d — 2,
deg G, < 2"(d + ney),

where
n

def d—6 1
en = max{O,degg—i— 2} + (d — deg g) Z;
7j=1
In the same spirit as Proposition [6.2] Proposition [6.4]improves the bounds on the degrees
of the G,’s in Proposition by adding assumptions to the degrees of F; and G, which
again will often be satisfied as a consequence of Proposition



MIN. DEG. LIFTS IN CHAR. 2 13

Proposition 6.4. Let C' and C be as in equations (3.1)) and (3.3) respectively, with deg g <
(3d +2)/4. If the minimal degree lift of points from C to C with respect to x,

v(zo,yo) = ((xo, F1, Fa,...), (yo, G1,Ga,...)),

1s such that

degF1 <d+2 and degG; <3d-—2,

then, for n > 2,
degF,, <2"degg +d — 2,
deg G, < 2"(d + ney),

where
n

def d —2 1
ey = T—(d—degg)—i—(d—degg) Elj'
J:

The next theorem gives lower bounds for the degrees of the G,,’s.

Theorem 6.5. Let C and C be as in equations (3.1)) and (3.3), and v, as in equation (3.4),
be a lift of points between U and U, the affine parts of C and C respectively. Assume that

deg Gy =21 (d — 1) — (d - 2)
fori=0,...,(n—1). Then,
deg G, > 2" (d — 1) — (d — 2). (6.1)

Moreover, if the equality holds, then:

(1) the coefficient of x¢ in g, say A, is non-zero;
(2) ¢ =X
(3) dGp = A" (" 4 g'yo)*" "N dyo + X1y GG

Thus, the above theorem implies that when trying to minimize the degrees of the G,,’s,
the best one can expect is to obtain deg G,, = 2"*1(d — 1) — (d — 2) for n > 1.

Theoremabove is somewhat similar to Theorem 2.4 in [Fin04]: both give lower bounds
for the degrees of lifts of points and a necessary condition on the equation of the curve to
achieve those bounds. (In fact, the ideas behind the proofs are the same.) In the case of
[Fin04], computations show that the obtained condition seems to be also sufficient, at least
for n = 1,2. The next proposition, proved in section shows that this is not the case

here.
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Proposition 6.6. Let C' and C be curves defined by equations (3.1)) and (3.3)) and

v(wo,y0) = ((zo0, 1), (¥0, G1))

be a lift of points between their affine parts such that deg G1 = (3d — 2). Then degg = 2
(i.e., as polynomial in xq, g(zo) has degree one) and Fy € k[xg] with deg F1 < 2 (i.e., as

polynomial in xg, F' has degree at most one).

Hence, to achieve the lower bound, besides having ¢’ € k*, it is also necessary to have
deg g = 2. On the other hand, those two conditions do seem to be sufficient, as we shall see
in Theorem and in the computation of section

One can also use the same approach used to prove Theorem [6.5] to find lower bounds
for the degrees of the F,’s. But, in this case, one obtains the trivial bound deg F;, > 0.
Although the bound itself is useless, the proof again gives us a necessary conditions to have

the equality, and, as we shall see in Proposition one can indeed often obtain equality.

Theorem 6.7. Let C and C be as in equations and , and v, as in equation
, be a lift of points between U and U, the affine parts of C and C respectively. Then,
if dF7 = 0, then either g = X or g = A\xg, for some X\ € k*. In particular, this restriction
on g has to hold if deg F1 = 0.

Furthermore, one can prove:

Proposition 6.8. Let C be a curve given by equation (3.1) with g € k*. Then, for any
lifting C of C, there exists a lift of points

V= (($0)F17F27"‘)5(yo:G].?GQ)'"))
such that

deg F, =0,
degG, <2" [ d+n —l—i-d il
gln = 5 j:lj

(The proof of Theorem is given in section EI, while the proof of Proposition is
given in section [10])

Also, as we shall see in Proposition below, if g = xg, one can also obtain deg F; = 0,
but in this case, not always one can have deg F» = (0: for example, as we shall state in
Theorem the ordinary elliptic curve y% + zoyo = azg + ag has no lift modulo 8 with
deg F5» = 0. So, the condition g = Az in Theorem is not sufficient.

The next proposition, also proved in section shows that if we have g = xq, one can
achieve the lower bounds for both F; and G; modulo 4. Observe that, by Theorem it
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is not enough to have degg = 2, even though such a curve is isomorphic to a curve with
g = x¢: the degrees of a lift of points depends on the equation of the curve in question, not
on its isomorphism class. On the other hand, having g = Axg, for any A\ € k™, instead of

g = x¢ does yield same degrees.

Proposition 6.9. Let C be a curve defined by equation (3.1)). If g = xo, then there exists
a lifting of C, say C (defined by (3.3) ), for which we have a lift of points

v(zo,90) = ((wo, F1), (v0, G1))

between the affine parts of C and C with degG1 = (3d — 2) and Fy € k. Hence, C is an
absolute minimal degree curve over C with respect to both x and y, and v is an absolute

minimal degree lift of points.

It is worth noticing that the proof is actually constructive, giving us a method to obtain
the curve C and lift of points v (modulo 4), which can then be used in the construction of
the error-correcting codes.

Also note that, with the above proposition, when g = xg one can use Propositions
and [6.4] instead of [6.1] and [6.3] to bound the degrees of the later F;’s and G;’s.

Observe that, in the case of minimal degree liftings with respect to y, although we have
degF1 = 0 < 2(2+5(d—2)/8) and degG; = 3d — 2 < 2(d + 5(d — 2)/8), the bounds
from Proposition cannot be improved. The reason for that comes from the condition
e > (d—2)(1+1/2")/r in Lemma which is, in fact, the key part of the proof of
Propositions and Very roughly, the reason for that is that the degrees of G4 and F;
might have to reach the stated upper bounds just to match the degrees of the terms that
do not involve F} or (G in the third coordinate of the Greenberg transform.

In the case of minimal degree liftings with respect to x, note that, since we have deg g = 2,
Proposition gives, for n > 2,

n

d—2 1
deg G, < 2" | d = ia-5 2],
eg G, < +n 5 + ( );j

while Proposition [6.4] gives

degG, <2" | d+n —(d + (d—2) Y 1
J=1 J

The next proposition, proved in section will give a necessary and sufficient condition
for the existence of a lift of the Frobenius (between affine parts of hyperelliptic curves,
as in section [5)) associated to a lift of points modulo 8 (for a hyperelliptic curve C' given

by equation (3.1)). Note, though, that the existence of a lift modulo 4 is guaranteed by
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Theorem 4.1 in [Fin04]. Before we can give a precise statement, we need the following

definition.

Definition 6.10. Let h(zo,y0) € klzo,yo] and h(z,y) € Wa(k) be the lift of h defined
by applying the Teichmiiller lift to the coefficients of h, i.e., if A is a coefficient of some
monomial of h, then the corresponding monomial of h has coefficient (A, 0). (We shall refer
to such lift as the Teichmaller lift of the polynomial h.) We define
h?(x?, y?) — h(z, y)

p

V(h) = ¥(h) 4 Leduction modulo p of

Note that when p = 2, ¥(h(zp,yo)) is just the sum of all possible products of pairs of

distinct monomials of h.

Proposition 6.11. Let C/k and C/W3(k) be curves given by equations (3.1)) and (3.3)),
and let

v = ((zo, F1, F2), (y0, G1,G2))

be a lift of points. There is a lift of the Frobenius between the affine parts associated to v
if, and only if,
GIZAN OF Y
P+ a3y + FE+ U(F — | F — ]G
b +xg F1+ Fy + (1)+<8m0> 1+<3yo 1

and

G\ G\
Go+ 2 G+ G2 +U(Gy) + (6:1:;) Fi + (1) Gy

are both squares, say P(xo,y0)? and Q(zo,y0)?, respectively. In this case, the lift of the

Frobenius given by
d(z,y) = (2 + 2F1 + 4P, y* + 2G1 + 4Q),

where F'1 and G1 are the Teichmdiller lifts of F1 and G respectively, and P and Q are lifts
of P and Q, respectively, to Wiz, y].

Observe that Proposition is similar to Proposition 2.7 in [Fin04], which deals with
the case p > 2. On the other hand Proposition [6.11] is more general, since here there are
no restrictions on the lift v as there was in [Fin04]. But, in fact, one could easily make
Proposition 2.7 of [Fin04] more general following the same ideas from the proof of the above
proposition.

The next theorem, also proved in section shows that if a lift has the degrees of either
the F,’s or the G,,’s satisfying the lower bounds given by Theorems and then there

is a lift of the Frobenius modulo &.
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Theorem 6.12. Let C and C be given by equations and respectively. Let
v(xo,%0) = (zo, 1, F2, y0, G1, G2)
be a lift of points such that
dFy = (h g + x0) dxo,
dFy = (h3 g% + 23) dwo + Fy dFy,

for some h € k(C). Then there is a lift of the Frobenius (modulo 8) between the affine parts
of C and C associated to v. In particular, if deg F,, = 0 or if deg G, = 2" (d—1) — (d—2)
(i.e., the degrees of either the F,,’s or the Gy, s are equal to the lower bounds) for n = 1,2,
then there is a lift of the Frobenius modulo 8.

We note that the last sentence of the theorem, at least for the case when degG, =
2"+t (d — 1) — (d — 2), is not totally trivial at this points, but will follow from some later
results.

Finally, it might also be worth mentioning the case of elliptic curves (i.e., d = 3), to

relate minimal degrees liftings and canonical liftings. One has:

Theorem 6.13. Let C be an elliptic curve, i.e., a curve given by equation with d = 3.
Then:

(1) C is ordinary if, and only if, deg g = 2.

(2) If C is not ordinary, then there is no lift of points satisfying the lower bounds for
the G;’s from Theorem [6.5

(3) If C is ordinary, then, modulo 16, the absolute minimal degree curve over C with
respect to y is the canonical lifting of C (hence it’s unique), the minimal degree lift
of points is also unique and it satisfies the lower bounds of Theorem . (Hence,
by Theorem there is a lift of the Frobenius modulo 8 associated to the lift of
points.)

(4) If C is ordinary, then there is no lift of points with deg F5 = 0. But, modulo 16, its
absolute minimal degree curve over C with respect to x is the canonical lifting, and,
although deg Fy > 0 and deg Go > 15, there is still a lift of the Frobenius modulo 8
associated to this lift.

So, as in the case of p > 2, it seems that minimal degree curves and canonical liftings are
closely related.

Item [1| of the theorem is a well known fact: see, for instance, section V.4 of [Sil85]. Item
is an immediate consequence of Theorem (more precisely, the condition ¢’ € k*) and
item [
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Items 3] and [d] can be proved by explicit computations, which are too long to be presented

here, but are perfectly feasible with the use of a computer.

7. WITT VECTORS AND VALUATIONS

In this section we obtain the results that we shall need to deal with Witt vectors. Al-
though the proofs are rather technical and sometimes tedious, the results are necessary for
the proofs of the main results.

Let p be a prime, and for any non-negative integer n consider

def

n n—1
Wn(Xoa"°7Xn) = Xg +pr +"'+pn_1X£,1 +anna

the corresponding Witt polynomial. Then, there exist polynomials
Sny Pn € Z[ X0y ..., X, Yo, ..., Y2
satisfying:
Win(So,...,Sn) = Wp(Xo,...,Xn) + W,(Yo,...,Y,)
and
Wn(Po,...,Py) =Wn(Xo,...,Xn) Wn(Yo,...,Yn).
(See [Ser79].)

Thus, if s = (so, s1,...) and t = (to,t1,...) are Witt vectors, we have by definition

def

d
s+t = (So(so,t0), S1(s0,51,t0,t1),--.)

and
def
s-t = (Po(So, to), PI(SO, S1, to, tl), e )
We may write, to simplify the notation,

def
Sn(s,t) é Sn(S(),...,Sn,tQ,...,tn)

and

def
Po(5,t) = Pu(50,...,8n,t05. .1 tn).

Since the entries of our Witt vectors are in characteristic p, we can use the polynomials
Sn, Py € Fp[Xo, ..., Xn, Y0,..., Y], that are the reductions of S, P, modulo p, to give us
the sum and product of Witt vectors.

We now introduced some technical lemmas that we shall need later on.

Lemma 7.1. The monomials [] X" Hijj (disregarding the coefficient) occurring in P,

Zaipi :ijpj =p" and Ziaz-p“rzj'bjpj <np".

Proof. This is Lemma 2.1 in [Fin02]. O

satisfy
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Let K be a field of characteristic p > 0 and v : K — R U {oo} be a valuation on K. (In
the applications, K will be the function field of our curve and v = ordp,_.) Then, for any
positive integer r and positive real number e, we define

Uy (e) defrg = (50, 81,...) € W(K)* | v(sn) = p"(v(so) — ne), for n <r}

and
Ule) & {s = (s0,51,...) € WK)* | v(sn) > p"(v(s0) — ne), ¥n > 0} .
(So, U(e) =(,50 Ur(e).) Also, for any vy € R, let

M, (vg, €) def {s =(s0,51,...) € W(K) | v(sp)>p"(vo—ne), forn <r}

def
and M (vg,e) = ﬂrzo M, (vo, )

We then have the following lemmas:
Lemma 7.2. The sets U(e) and U,(e) are subgroups of W(K)*.
Proof. This is Lemma 3.1 in [Fin04]. O

Lemma 7.3. Let k be a subfield of K for which every non zero element has valuation zero.
(E.g., F, or the field of constants in the case where K is a function field of a curve.) Then,
the set M, (vo,e) is a W(k)-submodule of W(K). In particular, so is M (vo,e).

Proof. We first show that M, (v, e) is closed under addition for all non-negative integers r.

Let s = (80, S1y..- ),t = (to,tl, .. ) S Mr(’Uo, 6). Then,

s+t=(5(s,t),Si(s,t),...),
where S, € Z[Xo, ..., Xn, Y0, ..., Y,] is defined recursively by
]. 1 n n '

It is enough to prove that every monomial in S,, for n = 0,...,r, has valuation, when
computed at (s,t), greater than or equal to p"(vy — ne).

Observe that the valuations of the coefficients of the monomials of S, are zero, since, in
characteristic p > 0, they are roots of unity. Hence, we shall disregard the coefficients of
the monomials.

We proceed by induction on n. For n =0, Sy(s,t) = so + to, and since v(sp), v(to) > vo,
the statement clearly holds.

So, assume that, for 0 < m < n < r, the valuations of the monomials of S,, when
evaluated at (s, t) are less than or equal to p™ (vo—me) and let [] X" ]| ijj be a monomial

(with the coefficient dropped) that appears in S,,.



20 LUIS R. A. FINOTTI

i

By equation , this monomial comes from S%, 7m, or it is either of the form X7 " or
Yjpn ] n—m

The monomials of S5, are products of p™~™ monomials of S,,, and therefore, by the
induction hypothesis, they have valuation, when computed at (s,t), greater or equal to
P p™ (vg — me) > p"(vg — ne).

If the monomial is either X7 " or Yy nij, then the corresponding valuations are p"~‘v(s;) >
p"(vo —ie) and p"Ju(t;) > p"(vo — je), respectively. In either case, the monomials have
valuation greater than or equal to p"(vg—ne). Therefore, M, (v, €) is closed under addition.

Now let ¢ = (cp,c1,...) € W(k) and s € M, (vg,e). Note that either v(¢;) =0 or ¢; = 0.

The (n + 1)-th coordinate of ¢ - s, for 0 < n < r, is given by P,(c,s). Let [T X" Hijj
be a monomial (disregarding the coefficient) in P,. If ¢; = 0, for some fixed 4 for which
a; # 0, then

v (H (o Hs?j) =v(0) > p"(vo — ne).

If ¢; # 0 for all ¢ such that a; # 0, then, by Lemma [7.1]

o(TTe TT) = St + Sbivts
= bjv(s;) = > bip! (vo — je)

> p"(vg — ne).

Therefore, v(P,(c, 8)) > p"(vo — ne), and so ¢ - s € M,(vo, e).
(|

Lemma 7.4. Let k be a field of characteristic p > 0 and h(x,y) € W(k)[z,y]. If we let
x = (x9,21,...) and y = (Y0,Y1,...) and expand h(x,y) as Witt vector (as we do with
Greenberg transforms), then the (n + 1)-th coordinate of this expansion is of the form

7 n

I o)+ (L) +
Tn 8.T0 o, Yo Yn ayo o, Yo R

where h(xg,yo) is the reduction modulo p of h(x,y) and the omitted terms depend only on

x; and y;, fori=0,...(n—1).

Proof. The lemma clearly holds for h(zx,y) equal to either x, y or a constant (in W(k)).
So, it suffices to show that if the lemma holds for h; and hs, then it must also hold for
their sum and product.

We first show that it holds for hy + hs: just observed that the (n + 1)-th coordinate is
given by the polynomial S,, (as in equation ([7.1)), and so, in the (n + 1)-th coordinate of
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hi + hso, we have
dhi P"+ dh1 P"+ N Oha p"+ Oha p"+ N
T, D0 Yn 873/0 . Tn 7{91‘0 Un 7ay0 . ...
O(hy + ha)\*" hy + ko) \ 2"
(g, (2 th)NT (O RN
8550 8y0

where no omitted term involves x,, or ¥,. Thus, it works for the sum.

For the product, remember that
_ n n—1 n
Po=XY,+X{ YV + - +X.Y0)+...,

where no omitted term involves either X, or Y;,. (See, for instance, formula (3) in [Fin02].)

Hence, the (n + 1)-th coordinate of h; - hy is given by
" o \*" o \*" " Oha \*" Oha \*"
p p
hy <$”<8x0> +y”<8y0> +... | +h] |2y D¢ + Yn o +.o )+
A(h1 - ha)\* d(hy - ha)\*"
= Ip (1 2) +yn 7(1 2) + ... —F,
Oxg 9o

where no omitted term involves x,, or y,. Therefore, it also works for the product.
0

The next lemma will be quite useful when analyzing the equations that define the Green-

berg transform of a curve over W(k), in particular in the construction of lifts of points.

Lemma 7.5. Let K and k be as in Lemma[7.3, s,t € U,_1(e) and h(z,y) € W(k)[z, y].
Furthermore, let —vg be the weighted degree of h, where the weight of x is defined to be
—v(sp) and the weight of y is defined to be —v(tg). Then, on the (r + 1)-th coordinate of
h(s,t), we have

T T

oh P oh P
Syr (M(So’t0)> +t7- (ayO(SO,tO)> =+ . cey (72)

where all the omitted terms do not involve s, or t, and have valuation less than or equal to

p"(vo —re).

Proof. By Lemma the (n 4 1)-th coordinate of h(s,t) indeed is as in equation (7.2)).
So, all that is left to do is to prove the statement about the valuation of the omitted terms.
For every monomial z'y’ of h, disregarding the coefficient, the term st/ € U,_1(e). But
since the weighted degree of h is —vp, which implies that i v(sg) + j v(to) > vg, we have, by
Lemma [7.3] that h(s,t) € M,_i(vo,e).
By the same reasoning, if s and ¢ were in U, (e) instead of in U,_1(e), then h(s,t) would
be in M, (vg,e), and the bounds would clearly hold. But the proof of Lemma bounds
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the valuation of each monomial appearing in the sum of two elements of M, (vg,e) and in
the product of an element of W{(k) with an element of M,, (v, e). So, this would bound the
valuation of every monomial appearing in the (r + 1)-th coordinate of h(s,t) by p"(vo — e).
In our case, we are only missing the bounds for the valuations of s, and ¢, but we could still
bound the valuation of every monomial that does not involve those two terms in exactly
the same way. Hence, since by Lemma no omitted term in equation involves t,, or
Sn, we can bound the valuations of the omitted terms by p" (v — e).

d

The following lemma will be helpful when dealing with the second coordinate of the

Greenberg transforms of curves.

Lemma 7.6. Let

h(z,y) = aijz'y’ € Wa(k)[z,yl,
i,
and suppose that

h((xo,21), (y0,91)) = (ho(Z0,%0), h1 (w0, 21, Y0, y1))-
Then, if
a;;j = (aij,0: @ij1),

we have

Ohg P Ohg P i i
hi(xo,x1,Y0,y1) = x1 <3$o> + 1 <8y0 + U (ho) + ZZjaz‘,j,l 0 Yo’ s

where ¥ is as in Definition[6.10

Proof. This is Lemma 8.1 in [Fin04]. O

8. PROOFS OF THE UPPER BOUNDS

In this section we prove the upper bounds for the minimal degree lifting with respect to
both & and y. More precisely, we prove here Propositions [6.1}, [6.2] [6.3] and [6.4]
The following lemma is an adaptation of Lemma IV.1 from [VW99] to our case, and it is

the main tool to obtain the upper bounds for the degrees of the lifts of points.

Lemma 8.1. Let C be a curve given by equation (3.1)), and R def O(U) be the ring of

reqular functions on the affine part of C. Let also a,b,c € R with (a,b) = 1, dega < n,
degb =m and degc < r. Also, assume that n+m+ (d—2) <r. Then, there exist u,v € R
such that au + bv = ¢ with degu < (m + (d — 2)) and degv < (r —m).
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Proof. Since m +n + (d —2) < r, the map
Y L((m+ (d—2))Px) ® L((r —m)Px) — L(rPx),

defined by ¥ (u,v) f + bv is well defined. Hence, to prove the lemma, it suffices to show
that ¢ is surjective.

Since the genus of C'is (d —1)/2 and (m + d — 2), (r —m) and r are all greater than
(d—2), by the Riemann-Roch Theorem, or more precisely, Corollary I1.5.5(c) of [SiI85], the

dimensions of the k-vector spaces above are
l((m+d—2)Px)=m+(d—2)—(d—1)/2+1,
l((r—m)Px)=(r—m)—(d—1)/2+1,
UrPx)=r—(d—1)/2+1.

On the other hand, since a and b are relatively prime, (u,v) € ker ¢ if, and only if, u = bz
and v = —az, for some z € R.

Therefore, with the restrictions on the degrees of u and v, and since n+m+ (d —2) < r,
we have that ker(¢) = L((d — 2)Px,). Observing that {((d —2)Ps) =d—2—(d—1)/2+1,
the dimension of our domain minus the dimension of the kernel is equal the dimension of

the co-domain, and hence our map is surjective.
O

The next lemma is the main step for the proofs of Propositions and
Lemma 8.2. Let C' and C be as in equations (3.1) and (3.3) respectively, and let

17(3301 yO) = (('T07 F17 cee 7F7“—1)7 (3/0, G17 ceey GT—l))

be a lift of points such that v*x,v*y € Up_i(e), with e > (d —2)(1 +1/2")/r. Then, U can
be completed to a lift

v(zo,yo) = ((zo, F1, ... Fror By o), (0, Gy -0, Gro1, Gy -2 L),
where v*x,v*y € U(e). Moreover,
deg G, < 2"H(d — 1) + (d — 2),
for allm >r.

Proof. We shall inductively construct the Fj,’s and G,’s for n > r. So, assume we have
(zo, F1y- .oy Fr1), (o, G1y- .., Gn—1) € Uy—1(e) for some n > r. We shall find F,,G, €
O(U) such that

(x0,y0) — ((zo, F1,. .., Fo1, F), (Y0, G, - - -, Grne1,Gr))
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is a lift of points with (CL‘O, Fi,....F,_ 1, Fn), (yo, Gq,... 7Gn717 Gn) € Un(e)
By Lemma in the (n 4 1)-th coordinate of the Greenberg transform, one has

Yng® +an(f +dw) = .., (8.1)

where no omitted term depends on ,, or y,. Thus, to produce a lift modulo p"*!, we need
to find F;, and G,, such that

Gn92n + E.(f + g'yo)Qn =..., (8.2)

where the omitted terms here are obtained by substituting x; by F; and y; by G;, for
i=1,...,(n—1), in equation (8.1)). (Note that the equality in equation (8.2) is equality in
k(C), not in k[zo, yol.)

def

We shall apply Lemma H with a = def

g%, b= (f + g'y0)?" and c as the omitted terms
in . By Lemma ¢ has degree less than or equal to 2"(2d + ne). By assumption C is
non-singular, and hence ((f" + ¢'yo),9) = 1. Furthermore, since e > (d — 2)(1 + 1/2")/r >
(d—2)(1+1/2")/n and degg < (d — 1), we have 2"(2d + ne) > dega + degb+ (d — 2), and
thus we can indeed apply Lemma [8.1], which gives us G,, and F,, such that

deg G, < 2" (d - 1)+ (d—2), degF, <2"(2+ ne).

Therefore, clearly (zo, F1, ..., F,) € U,(e), and using again the bound on e, one can easily
verify that 21 (d — 1) + (d — 2) < 2"(d + ne), yielding that (yo,G1,...,Gp) € Uy(e). O

With the above lemma in hand, we can now prove Proposition (6.1

Proof of Proposition [6.1. If one applies Lemma [8.2] with r = 1, one obtains the existence of
a lift such that

deg G, <2"N(d - 1)+ (d—2), degF, <2"(2+n3(d—2)/2)

for all n > 1. So, we need to show that we can improve that bound on the degree of F} to
have it as in the statement.
We take, then, a closer look at the construction of F; and GG1. We need in this case [}

and G to satisfy
Gig” + Fi(f + g'y0)* = ...,

where the omitted terms are the terms independent of z; and y; in the second coordinate
of the Greenberg transform of C'. We apply Lemma again, with a = g%, b = (' + ¢'yo)?
and c as the omitted terms. In this case, observe that, by Lemma dege < 2(2d+e) for
any e > 0, and hence degc < 4d. So, to apply the lemma, we take r def max{4d, 2 deg g +
4d—-1)+(d—-2)}.
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This way we obtain F; and G; such that deg G; < 4(d — 1) + (d — 2) and
deg F1 <r—4(d—1) =max{4,2degg + (d —2)} < 2(2+3(d —2)/2),

and hence, (zo, F1), (yo, G1) € U1(3(d — 2)/2).
Finally, Lemma with r = 2 and e = 3(d — 2)/2, finishes the proof.

Example 8.3. Consider the ordinary elliptic curve
E/k 92 + xoyo = 23 + 1.

Then, the map
v(7o,y0) = ((z0, F1, F2), (0, G1,G2)),

with

def
= zoyo

def
BT 1+ ad+a) + ol + 2+ 2 + 20 + (o + ) + 25)yo

G1 % 20 + 2o
Ga déf1+.’E0+$3+$8+$8+(1+.’E8+$8+$g)y0
is a minimal degree lifting from F to
E/Ws(k):y* +xy =2+ (1,0,1)

with respect to y. Notice that, in contrast with the case of characteristic p > 2, we cannot
obtain a minimal degree lift of points that is hyperelliptic, i.e., that commutes with the
hyperelliptic involutions of C' and C. Also, observe the the degrees are equal to the upper
bounds given by Proposition [6.1

On the other hand, E is not the absolute minimal degree curve over FE, since the curve
is ordinary and the canonical lifting with the elliptic Teichmiiller lift would give us smaller

degrees.

Again, in contrast with the case of p > 2, or, more precisely, with Proposition 2.3
in [Fin04], note that if we have one particular lift of points v satisfying the bound in
Proposition this is not necessarily a minimal degree lift of points with respect to y.
This happens because we have a non-trivial kernel for the map v defined in the proof of
Lemma .11
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On the other hand, since we know exactly what that kernel is, it is fairly easy to obtain
a minimal degree lift of points with respect to y in every step of the procedure of finding
the G,,’s and F,’s: after a pair (G,, F},) is found, any other pair

=~ def n
Gn = Gn+2(f/—f—g/yo)2 )

Fn def F, + zg2n,

with degz < (d — 2), defines another lift also satisfying the bounds from Proposition
Observe that since deg z < d, we must have z € k[xo], and so deg z is even. Hence if deg Gy,
is even and greater than or equal to 2" deg g, then the degree of G,, can always be lowered,
and if either deg GG;, is odd or less than or equal to 2" deg g, then it is a minimal degree lift
with respect to y.

Something else worth noting is that the smaller degg is, the smaller is the bound for
deg Fy. Also, as stated in Theorem having g = z¢ (and so degg = 2) in fact yields
smaller degrees also for G.

Lemmal[8.2]tells us that having smaller degrees for first coordinates of a lift of points allows
us to obtains lifts with smaller degrees for the remaining F,’s. Proposition which is
the analogue to Proposition 5.4 in [Fin04] and an immediate consequence of Lemma

illustrates this point in a particular case.

Proof of Proposition[6.3. Just apply Lemma [8.2) with e = 5(d — 2)/8 and r = 2.
]

To prove Propositions [6.3] and we first introduce a lemma analogous to Lemma |8.2
As we can see in its statement, in contrast with the case with Lemma[8:2] the degrees of the
G,,’s increase in such a way that there is no positive e for which the obtained (yo, G1, Ga,...)
is in Ul(e).

Lemma 8.4. Let C and C be as in equations (3.1)) and (3.3|) respectively, and let

D(an yO) = ((~T07 F17 s 7F7"71)7 (y07 G17 ) GT*I))

be a lift of points such that v*x,v*y € U,_1(er—1), with e,—1 > (degg+ (d —2)/2" — 2)/r.

Then, U can be extended to a lift
v(zo,y0) = ((zo, F1y. ooy Fro1ye oo, Fu)y (W0, G1y oo, Gr1y oo, G)),
with vi@,v*y € Uley), where e, = e,—1 + (d —degg) >_7_ . 1/j. Moreover,
deg F,, <2"degg + (d — 2),

for alln >r.
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Proof. We again construct inductively the desired F;’s and G;’s. So, assume we have
(Fo, -, Fnz1),(Go,...,Gp-1) € Up—1(ep—1). By Lemma to extend this map to the

next coordinate, we have to find F}, and G,, such that
F.(f' + g/yo)Qn +Gng® = ...,

where the omitted terms (coming from the (n+1)-th coordinate of the Greenberg transform)
have degree less than or equal to 2™(2d + ne,—_1).

Since
en—1> €1 > (degg+(d—2)/2" —2)/r > (deg g + (d — 2)/2" — 2)/n, (8.3)

we have 2"(2d + ne,_1) > 2""1(d — 1) + 2" deg g + (d — 2), and thus we can apply Lemma
We then obtain F,, and G,, such that

deg F,, < 2"degg + (d — 2)

d—d
deg Gy, < 2"(2d + nejy—1) — 2" degg = 2" <d—i— n (egg + en_1>>
n

= 2"(d + ney).

Finally, inequality (8.3)) implies that deg F,, < 2" deg g+ (d—2) < 2"(2+ne,), and hence
vie, vty € Uley).
]

We can now prove Propositions and

Proof of Proposition[6.3. We just apply Lemma with 7 = 1 and ey = max{0,degg +

(d—6)/2}.
O

Proof of Proposition[6.4. The bounds on deg Fy and deg Gy imply that (zo, F1), (yo, G1) €
Ui((d —2)/2). Since degg < (3d + 2)/4, we have e; > (degg + (d — 2)/4 — 2)/2. The

proposition then immediately follows from Lemma
]

9. PROOFS OF THE LOWER BOUNDS

In this section we prove the lower bounds (and the necessary conditions to achieve those
lower bounds) for the minimal degree liftings with respect to both @ and y. More precisely,

we prove Theorems and )
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Proof of Theorem [6.8, If we work modulo 2", or equivalently, truncate the lift v at the
(n+1)-th coordinate, Theorem 4.1 in [Fin04] tells us that there exists a lift of ¢™, the 2"-th
power Frobenius of C' associated to v. We shall denote such lift by (bold-face) ¢".

Furthermore, Theorem 4.1 in [Fin04] also tells us that ¢™ can be written as

P" (@,y) = <Z 2Z'F%""’,Z2iG§"”> : (9.1)
=0 =0

where F;, G; € W, 1(k)[x,y] are lifts of F;, G; € k[xo,yo]. Hence, if

e d d

d:f :1;.11 - / n y / n I (92)
2y+g7'(x)  (f)7 (=) —(9)7"(x)y

then (1/2" ¢")*w,, reduces, modulo 2, to

Wn

o S G2 4G, /d n G2 G, dyo d
W d:f Ez:ﬂ /z - 2n/ Yo dyO — Zz:O, i - 2”—{ Yo ﬂ (93)
(f" + 9" yo) (f" + 9" o) g

Observe that the differential dzo/g does not vanish on U, and since w,, is regular on U°",

wy, must also be regular on U. Thus,
Z?:O G?n_l_l dGi/dyo
(f" + 9 yo)" !

and so it can be written as a polynomial, say h,(x,yo). Hence

€ O(U)7

dx
Wn = hn(an y0)70 (94)
and :
dG n = on—i_q dG;
"= h, "4 g ) ! Gt == 9.5
o (0, %0)(f" + g o) + ; ; i (9.5)

Note that h,(zo, yo) is not equal to zero, since (1/2"¢")* is the “inverse” of the n-th power
of the Cartier operator, which we shall denote by C", and therefore, C" (wy,) = dzo/g(z0) # 0,
which implies that w,, cannot be equal to zero.

Now, for i =0,...,(n —1),

n—1i d 7 _q

deg (G? -1 dj) = 2" d —1) = 2" (d —2) —d < (2" — 1)(2d — 2),
0
and hence,
dGy, n n
deg e deghy, + (2" —1)(2d —2) > (2" — 1)(2d — 2).
0
Thus,

deg Gy, > 2" H(d — 1) — (d — 2).
Moreover, we can only have equality if h,(xo,yo) is a constant.

Let us assume now that

deg G; = 277 4(d — 1) — (d — 2),
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for i =0,...,n. By equation (9.4)) and the conclusion of the previous paragraph, we must

have
dzg dyo
Wi = Ai—" = N\j— 9.6
'+ 9y (96)
where \; € k.
On the other hand, for ¢ = 1, w; is defined as the reduction modulo 2 of
1 1 dx
ACHE () ,
3¢ (@) =3 2y +g°
and thus, by equation (9.1) with n =1,
dFi + xpdxg
wp=—"""—+— 9.7
' 9(0)? (8.1
Comparing equations (9.7) and , with ¢ = 1, we obtain
dFy
A =—".
(A1g + z0) d

By taking differentials in the above equation, and since we are in characteristic 2, we obtain

dFy
Mg +Ddxg=d| — ] =0.
(A1g’ + 1)dxg <dw0>

Thus, A\; = A~!, where X is then the necessarily non-zero coefficient of z( in g, and we have
established items and of the theorem. Also, note that, by equation , we also
proved item for n = 1 in the theorem.
With the case i = 1 done, we can now finish the proof of item by induction on i. So,
assume that
i—2
dGi—1 = AN 4 g'yo)® Thdye + > G2 dG
j=0
for some 7 < n.

The properties of the Cartier divisor, together with our induction hypothesis, give us

i 2t—7 1 i—1 ~2i1-0 1
C ijo Gj de _ ijo Gj ‘ dG} _ /\_(22‘71_1) dyo '
(f"+ 9 vo)* (f'+ g yo)* " I+ 9'yo

On the other hand, since by assumption deg G; = 271 (d —1) — (d — 2), equation holds,
and thus we just need to show that \; = -2, But, since ¢’ = ),

i 2i=7 1

C ZJ'=0Gj dG; -C /\.& :)\1/2/\1/2& 9.9

; o (Y / i / Far (9.9)
(' + 9" vo) J'+9'vo f'+g'v

Comparing equations and (9.9), we obtain \; = A (@2=1)

(9.8)
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The next proposition, which follows from an analysis of the proof of Theorem above,
establishes a relation between the formulas for the dF}’s and formulas for the dG,’s in

general and will be used in the proof of Theorem [6.12

Proposition 9.1. Let C and C be as in equations (3.1) and (3.3)), and v, as in equation
(13.4), be a lift of points between the affine parts of C and C. Then,

n—1
dF, = hpg® Vdzo+ Y FF T dF,
i=0
and
n—1 )
dG, = hn(f/ + glyO)Qnil dyo + Z G%n ! dG;
i=0
for some hy,, € klxo,yo].
Proof. In the proof of Theorem one sees that, by using the two different forms of w,, in
equation (9.2)), we must have

DY i TRy e i e

Wn

g% (f' + g yo)*"
Also, still following the proof of Theorem [6.5] we see that, as in equation (9.4)),
d d
Wi = hp 0 = 0

g f+dv
for some non-zero h,, € k[zg,yo]. Comparing the two formulas for w,, finishes the proof.
O

As observed in section [6] the same idea used to prove Theorem gives the analogous
result for the F},’s.

Proof of Theorem[6.7. We work modulo 4, and hence there is a lift of ¢, which we denote by

¢, given by equation (9.1]) (with n = 1). With w; as in equation (9.2)), (1/2 ¢)*w; reduces,
modulo 2, to
def dFl + 20 dﬂjo i) d:Co
w1 = D) = 5 -
g g
Since dx(/g does not vanish on U, and since w is regular on U7, w; must also be regular
on U. Thus,

d
wy = hy 220

for some h; € k[zo,yo0]. Hence
o = hl g.
Therefore, either g = A or g = Axg for some A € k. Since the curve is non-singular, we must

have A # 0.
O
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10. PROOFS OF PROPOSITIONS ABOUT ACHIEVING THE LOWER BOUND

In this section we prove Propositions and
Proof of Proposition[6.6. By Theorem we have that ¢/ = A\, with A € k*. This says

that the coefficient of xg in ¢g is A, and this, with a change of variables o = Axy and

Jo = Yo/ A\%/2 we may assume, without loss of generality, that A = 1.

Write )
flx) =) a,
i=0
and
(d—1)/2
g(x) = Z bz,
§=0
where
a; = (aip,a;1), fori=0,...,d,

bj = (bjp,bjﬂ), for j = 0,. ..,(d— 1)/2.

By Lemma we have on the second coordinate of equation the Greenberg transform
of equation
(d—1)/2 i1
g + 21 (gv0) + VWe +gvo) + | Y biaxd | vi =2 () + W)+ iy,
j=0 i=0

For v to be well defined, it is necessary that
(d-1)/2 ' d—1 '
G1g”> + Fi(g'yo) + Oy +gvo) + | D bjnag’ | 6 = Fu(F)> +¥(f) + Y ainag,
j=0 i=0

in k(C), or
d-1 4 (d—1)/2 ‘
Gia* + P/ +9%0)* =)+ Y ainzy +Tyg+9v)+ | Y, b |y (10.1)
i=0 =0

One can easily check that all the terms in the right-hand-side of the equation above have
degrees less than or equal to (4d — 1). Therefore, all terms from Gy g% and Fy(f + ¢'yo)? of
degree greater than (4d — 1), if any, have to cancel each other out.

Assume now that degg > (d + 1)/2, so that we have deg(Gyg?) > (4d — 1). Since
deg G1 = (3d — 2), we must then have

deg I} =2degg —d+ 2 <d. (10.2)

Hence, if we write
Fy = hy + hayo, hi,ha € k[zo],
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then ho € k. Therefore, by Proposition and Theorem

"h h
J'he + ;y()) drg = (g + .%'Q)dxg.

dF, = (h’l +

Thus, he = 0 and F| = b} = g+x¢. Then, deg F1 > deg g+2, unless deg g = 2, in which case
the proposition automatically holds. But if deg F} > deg g+ 2, then the equality in equation
(10.2)) would imply that degg > d, a contradiction, since the degree of deg g is always less
than or equal to (d — 1). Therefore, if deg g # 2, then we must have degg < (d + 1)/2.

But, if deg g < (d+1)/2, then all terms in the right-hand-side of have degrees less
than or equal to (4d — 2) and since G g? also has degree less than or equal to this bound,
so does Fy(f' + ¢'yo)?. Hence, deg Fy < 2 and therefore F} is a polynomial in zg of degree
(as a function in k(C)) at most 2.

Now, all terms of odd degree in equation come from either G1g2 or W(y2 + gyo) =
gy8 + ¥(gyo). Observe that every term of W(gyo) has even degree, since every term of gyo
has odd degree. So, the terms of highest odd degree in G1¢? and gyg’ have to cancel out
each other. Hence,

(3d —2) +2deg g = 3d + deg g.
Thus, degg = 2.

We now proceed to prove Proposition

Proof of Proposition [6.8. We prove the proposition by induction on n. For n = 1, in order
to have a lift modulo 4, F} and G1 have to satisfy

Gi N+ F(f)Y=...,

where ) & g € k* and the omitted terms are the terms in the right hand side of equation
, and therefore, have degrees less than or equal to 4d — 1. Since deg(f’)? = 4d — 4, we
can take F to be any constant and obtain, from the above equation, G with deg G1 < 4d—1.
Thus, the bounds hold for n = 1.

Now suppose that the bounds for the G;’s in the statement hold for ¢ = 1,...,n. Then
(y0,G1,...,Gr) € Up(ey), where

def 1 1
€n = E e 57
since, for i =1,...,n,

, 1 ‘1 1 "1
degG; <2 | d+i —2+d-j§_:1j <2"[d+n —2+d-;j = 2"(d + ney).



MIN. DEG. LIFTS IN CHAR. 2 33

Since, clearly (zo, Fi,...,F,) € Uy(e,), by Lemma to obtain a lift modulo 2”12 we
need to find F,4; and Gp4; such that

2n+1

Gt X 4 Fu (f) T =

where the omitted terms have degrees less then or equal to 2""1(2d + (n + 1) e,). Hence,

we can take F,,;1 to be any constant and find G, 1 with

1 "1
degGpi1 <21 2d+ (n+1)e,) =2 [ 2d + (n+ 1) —§+d25

n+1
=2"" L d+ (n+1) _,+dz, ,

which finishes the proof.

Finally, we prove Proposition

Proof of Proposition [6.9. We shall use the same notation for f(z) and g(x) as in the proof
of Proposition We will also assume that bg1 = b1 = 0, since we can always make a
change of variables for C' to have it that way.

Write,

Gi=h + hoyo, hi,hs € ]{3[330]
To have degG; < (3d — 2), as in the statement, we need to find h; and hg such that
deghy < (3d — 3) and deg hg = (2d — 2).
Since y3 = xoyo + f(x0) (in k(C)), we can rewrite equation (10.1) as

(d-1)/2
wh+ P f+adf+f Z blsco + F (f) Zazlxo

(d-1)/2
mghg—l-onl—i-xg—i-l'of—i-:Co Z bj71x(2)] 10 = 0,

and thus our goal is to find a;1’s, bj1’s (which will define C) and Fi, hq, hy (which will
define v) that satisfy this equation (and the requirements on the degrees of hq, hy and F}).
Hence we need:

(d—1)/2
."L‘(%hl—i-Flf—l-.fL‘(Q)f—l-f Z b71$0 —|—F1( —|—Z(I111‘ (10.3)
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and
(d—1)/2 '
.7}8 ho + xo 1 +x8+x0f—i—x0 Z b-71x(2)3 =0 (10.4)

From the term in xg in equation ([10.4)), and since we want Fj € k, one immediately sees
that we need Fy = ag,, i.e., 1 has to be the constant term of f. Hence, equation ({10.4)
has now only terms of power 2 or higher in zy, and we can define

f+ (d—1)/2
a
h2d_ef ooJrO+ Z b1x3J1

for any choice of b;1’s that we might make. (Note that deghs = (2d —2).)

We now try to find a suitable hi. The constant term of equation is a(2),0 +aop,0 aio +
ap,1, and thus we need to have ag 1 o a(2),0 +aop a%o. Also, since the coefficient of the term
in zg of W(f(xo)) is aop,0a1,0, our choice of F; makes the coefficient of the term in zy in

(10.3) zero. Hence, let

(d—1)/2
Z b’l.CEO

2d—1

falwo) & > i C agof +23f +aoo(f)? + T(f).

1=2

and one can now always have h; € k[xo] that will satisfy equation ([10.3)) by taking

2d—3 d—1
def def 1 ;
hi = Z Bray = 2 (Z aiizg + f fi +f2> . (10.5)

0 \i=0
On the other hand, we need deg h1 < (3d —3), and thus we must choose the a;1’s, for i > 1,
and bj1’s, for j > 2, in such a way that 5, =0 for all { > (3d — 1)/2.
By choosing the b;1’s such that

1 0 0 ... 0 b(d—l)/2,1 a9q—1
ag—20 1 0 ... 0 ba-3)/2,1 Q243
ag-40 ad—20 1 ... O || ba—syer | =] aua-s |,

asp  aro agp ... 1 ba,1 Q44

we obtain f; such that (ff1 + f2) has no odd power of g greater than (d+2) < (3d+1)/2.
Since Zf 0 @i 13:0 ' has only even powers of zg, this implies that 3; = 0 for all odd [ > (d+2).

If d = 3, then (d+2) = (3d + 1)/2 = 5, and hence we have we have 3 = 0 for all odd
> (3d—1)/2=4. If d > 3, then (d+2) < (3d — 1)/2, and we also have 3, = 0 for all odd
> (3d —1)/2.
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Now, if we let

a1 def coefficient of az%i in (f f1+ f2),

(with f1 chosen as above) for i = [(3d—1)/4],...,(d—1) (note that |(3d—1)/4] > 2), since
(2|(3d —1)/4] —2) < (3d — 1)/2, we obtain §; = 0, for all even [ such that (3d —1)/2 <
1< (2d—4).
Hence §; =0 for all [ > (3d — 1)/2, and thus deghy < (3d — 3).
O

If d = 3, i.e., if C is an elliptic curve, then the requirement that ¢’ = X € k* is equivalent
to saying that deg g = 2, which, by item [I| of Theorem [6.13] is a necessary and sufficient
condition for elliptic curve to be ordinary. In this case, by Proposition 4.2 in [VWO00], the
construction described above actually gives us the elliptic Teichmiiller lift and the canonical
lifting of the elliptic curve (modulo 4). Hence, by following this procedure, one can easily
reproduce the explicit formulas for the canonical lifting and elliptic Teichmiiller lift (in
characteristic 2) exhibited in [VW0Q].

11. PROOFS ABOUT LIFTING THE FROBENIUS

In this section we prove Proposition and Theorem But, before we can prove

Proposition [6.11], we shall need two simple lemmas.

Lemma 11.1. Let P(X,Y) be a polynomial in two variables. Then

P(Xo+ pX1,Yy + pY1)

oP oP
= P(Xo,Y0) +p (8X(XO’ Yo) X1 + 87Y(X0’ Yo)Yl) (mod p?).

Proof. This is an easy application of Taylor’s formula for P(X,Y). O

We will also use the following lemma:

Lemma 11.2. Let C/k and C/W(k) be curves given by equation (3.1)) and (3.3|) respectively

and
VvV = ((SUQ,Fl,...),(yo,Gl,...))

be a lift of points between their affine parts. Then

8F / /

1>+f +gy08F1>+
Oz g Oy

oG ! ! oG

92< 1+f+gyo( 1

0z g Yo

(f' +g'v)? <<9€0 +

+ yo>> =0 (11.1)
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Proof. By Theorem 4.1 in [Fin04],

dw,y) (@ +2F, 9> + 2Gy) (11.2)
is a well defined lift of the Frobenius modulo 4. Since

1-. 1-. dx 1-. dy
2® W)= <2y +g"> ~3? <(f’)” - (g’)“y> ’
using equation , the reduction the equation above modulo 2 gives us
dFy + zodxg _ dG1 + yodyo
9 (f'+gw)?
Since dyo = (f' + g'yo)dzo/g, equation follows. O

We now can prove Proposition [6.11

Proof of Proposition |6.11. We first prove that the condition is necessary. Assume we have

a lift of the Frobenius associated to v. By Theorem 4.1 in [Fin04], it must have the form
¢(z,y) = (z° + 2F, + 4P,y° + 2G1 +4Q),

for some P,Q € Ws(k)[z, y].
Let 0 be the 2-derivation associated to ¢ (as in [Bui96]):

def¢u —u?

ou 2
We then have

oxr = F1 + 2P
and, using Lemma [11.1
(F1+2P)Uo¢—(F1+2P)2
2
_F{(@@*y*) - F1  OF\, 5 OF 17 (11.3)

2 . 2 02y .

Po(a®y) +2-(...).

8’x =

But, by Lemma 2.6 of [Bui96], the reduction modulo 2 of §2x must be equal to Fp +z2 F} +
F2. Also, since the reduction modulo 2 of P? (x2,y?) is clearly a square, say P2, and F'; is

the Teichmiiller lift of F7, reducing equation (|11.3) modulo 2, we obtain

OF OF
F2+a:3F1+F12:\I/(F1)+<8$;) Fy + (a 01>G + P2 (11.4)

An analogous computation with §%y, gives

oG oG
Gery(%GnLG%—\II(G1)+<8 1) Fy+ (8 1) Gi+ Q2
Zo Yo

and hence, the condition is necessary.
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We now prove the converse, more precisely, that ¢, as in the statement, is well defined
and that the diagram
U(Ws(k) —2— U7 (Ws(k)

VT Tya (11.5)

Uk —2— Uk
commutes, where U and U are the affine parts of C' and C respectively. It suffices to prove
it for the Greenberg transform. Defining

h iy 4 g(a)y — f(@),

we write
h(z,y) = (ho(zo,Y0), h1 (20, 21, Yo, Y1), ha (0, T1, T2, Yo, Y1, Y2))-

Then, to prove that ¢ is well defined, it suffices to prove that ¢*hy € I, for i = 0,1,2,
where T % (ho, h1, ho).

By Theorem 4.1 of [Fin04], we have that ¢*hJ,¢*h{ € I. So we just need to show that
¢ hg € I.

One has

x? = (9,71, 22)% = (23,0, 23 22 + 7).

Also, by Lemma and noticing that F'y is the Teichmiiller lift of Fy,

OF\* oF \*
2F, = (o,Ff,xf <8x;> + yi <8y;> +\IJ(F1)2>.

Hence, if P is as in the statement,

x? + 2F + 4P = (2, F{, F5 + X3) (11.6)
where,
oF > G \>
X, (w14 F1) (2o + =) + (y1 + Gh1) =) 4 (21 + F1)?,
dxg Yo
and in a similar manner,
¥?+2G1 +4Q = (2.G% G+ Y3) | (11.7)

where

. 0G1\? 0G1\?
y, ¢ @+ F) (=) 4w +G) (w+ =) ++G1)%
Oz Yo

Note that, by Lemma [7.4]

5= (") 2+ ()7 +(9)y0) 22+ ...,
where no omitted term depends on either xo or yo. Hence

¢ h3 = g% (Go + Y2)? + (f' + ¢'y0)® (Fo + X2)* + ... (11.8)
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Since
v = ((xg, F1, F3), (x0, G1,G2))
is a (well defined) lift,
PG+ (f +9'y)  F5 +--- =0 (mod (ho)),
where the omitted terms are the same as the ones in formula . Therefore
¢S = g* Y3+ (f' +9'y0)* X3 (mod 1),
and it suffices to prove that
g 92+ (f +g'y0)' X2 =0 (mod ),

or,

OF G\ >
(:Cl —l—Fl) <(f’+g’yo)2 <$0+ P 1> +92 1) +

T Oxo
OF 0G1\ \ 2
/ / 2 1 2 1
(y1 + G1) ((f + g'vo) e +g (yo+8y0>) +

(@1 + F)(f + g'v0)* + (1 + G1)92)2 =0 (mod I).

Applying Lemma this equation becomes

(f" + g'vo)? > < L, L OF < 8G1)
+ )7+ +G + — + + =
((951 1) g2 (11 1) (f'+9'v) Yo g (% E

(1 + F)(f + g'50)> + (1 + G1) g?)” =
Thus, it is enough to prove that
(@1 + FO)(f + g'y0)* + (11 + G1) > =0 (mod I).

But hy,v*hy =0 (mod I), and then

hi(xo, 1, Y0, y1) + hi(zo, F1, 90, G1) =
(z1 4+ F)(f + 9'%0)* + (1 +G1)g° =0 (mod I),
which finishes the proof that ¢ is well defined.

Finally, equations ([11.6) and (11.7) show the diagram (11.5) commutes, since v*Xy =
I/*yg = 0.

O

With Proposition [6.11] we can now prove Theorem [6.12
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Proof of Theorem [6.13 By Proposition [9.1] we have

dGy = (h(f' + 9'v0) + o) dyo, (11.9)
dGy = (h* (f' + g'y0)® + ¥5) dyo + G1 dG1. (11.10)

Moreover, by equation (3.2)), dF}; = (hg + o) dzo implies that

oF N OF1 "+ g'yo
dzg  Oyo
and equation implies that
0G1 g n 0G1
Oxo f'+9g'vo ~ 9yo
Now, to prove the theorem, by Proposition [6.11], it suffices to prove that

OF Y OF;\
2 1 -1 —
d<F2+x0F1+‘II(F1)+ (a%) Fi + (83/0) G1>

F\? F\?
dFy + 22 dF, + d(U(F)) + <a1> dF) + (81> dGy =0 (11.13)
Oz Yo

= h g+ o, (11.11)

=h(f + 9'yo) + vo. (11.12)

and

oG\ oG\
d 2 o ) p il —
<G2+?JOG1+ (G1)+<8x0> 1+(8yO>G1

2 2
dGs + 4R dGy + d(¥(Gy)) + (‘”1) dF + <8G1> 0GL=0 (11.14)

dxo Yo
Since
OF, \ OF, \
d(V(Fy)) =20 (2 ) deo+yo ( 5— | dyo + FidFy, (11.15)
Oxo dyo

using the formulas for dF; and dF, (in the statement), together with equations (11.9)) and
(13.2), equation ([11.13]) reduces to

Fi  OF ' +g'yw\°
0 1 0 lf +gy0) d.ﬁUO:O, (1116)

h h
g< g+x0+3$0+3y0

which immediately follows from equation (|11.11)).
We prove that equation (11.14)) holds in a similar fashion. Using the formula for dFi,

equations (11.9), (11.10)) and (3.2), and the analogue to equation (11.15) for ¥(G;), a
tedious computation shows that equation (|[11.14]) reduces to

G, g 9G1\?
h ! / h / / d —
(f +gyo)( (f" +d'yo) +yo + i f’—l—g’yo+ 6yo) Yo =0,

which immediately follows from equation (11.12]). Hence (11.14]) also holds.
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To finish the proof, it suffices to show now that if either deg F;,, = 0 or if degG,, =
2"H(d — 1) — (d — 2), for n = 1,2, then there exists h € k(C) such that

dFy = (hg + xo) dzo,
dFy = (h* ¢° + ) dao + F1 dFY.
If deg F1 = deg F> = 0, then dF; = dF3 = 0. Moreover, by Theorem either g = A or
g = A, for some \ € k*. Thus, take h = A"lzg if g= )\, or h = A7 if g = A .
Finally, if deg G, = 2"1(d — 1) — (d — 2), for n = 1,2, then, by Theorem
dG1 = XN (f" + g'yo) dyo + yodyo,
dGy = (\*(f' + g'yo)® + ) dyo + G1 dG,
where A is the (non-zero) coefficient of zy in g. By Proposition
dFy = (A g + 0) do,
dFy = (A3 g3 + ad) dwo + Fy dFy.

Hence, we just take h = A71.

12. THE GENUS 2 CASE

In this section we will do some explicit calculations with curves of genus two (i.e., d = 5).
Besides illustrating the theory with a concrete example, another goal here is to show how
the condition that g = xg seems to be sufficient to obtain a lift of points with the degrees
of the G,,’s equal to the lower bounds. Note that, by Proposition [6.6], it is necessary only
to have deg g = 2, but we further choose to have g = x( so that we can also obtain minimal
degree for F1, as in Proposition (Observe that the condition g = x( makes the Jacobian
of C non-ordinary.)

Let

C/k : 2 + xoyo = 2§ + doxy + eoxd + foxd + goxo + ho. (12.1)
Since computations in such generality would be too long, we first simplify, via isomorphisms,
equation . Note that, as observed earlier, the degrees are not necessarily invariant
under isomorphisms!

An isomorphism of curves of genus 2 that preserve the point at infinity is given by a

change of variables of the form
Zo — oz + 0, (12.2)

Jo a5yo + 7:68 + dxg + €, (12.3)
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where «, 3,7,0,¢ € k and « # 0. Therefore, clearly if
é/k : gjg + (doxg + IN)().%'() + Eo)ﬂo = .i'g + CZ()i'é + é()j?% + fo.f(z) + goTo + iLo (12.4)

is isomorphic to C, then @ = 0, and again we can make by = 1 and & = 0. Hence, in order
for two isomorphic curves have this same form (i.e., g = xg), we must have § = 0 and «

must be a cubic root of unity. A tedious computation gives us:
dy = ch + a2dp;
&0 = o’y + aeo;
fo = ad + a?6% + fo;
do = €+ a’go;
l~zg = €2 + ahy.
Comparing the equations for do and &y, we obtain
v = (ady + o?dy)"? = aPey + oo, (12.5)
and comparing the equations for gy and il(), we obtain
e = (ahg + fzo)l/Q = o g0 + Go. (12.6)

Observe that the curves are non-singular if, and only if, A def g% + ho and A def gg + ho are

non-zero. But equations and imply
do + &2 = a?(dy + €2),
A =aA
Therefore, clearly

. def do—i—eg _Cio—l—é%

and
o = A9
(remember that « is cubic root of unity) are invariants for curves of this particular form.
Conversely, if we have curves C' and C given by equations and , with ag = 0,
l;o =1 and é; = 0, such that
do + €3 B do + é

A2 A2

and

AP = A3,
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then the curves are isomorphic either over k itself or over a degree two extension of k: just

let (as in equations ((12.2) and -

o A/A

ﬁ def 0

¥ df a? eo + aég

5 < 5 solution of a2X2? + a X + (fo+ fo)=0
e a*go + Jo-

Hence, the invariants ji,jo € k, with jo # 0, determine a curve of genus 2 with g = xg

up to isomorphism, and given such any ji, jo € k, with js # 0, the curve
2/3 1/3
i+ zoyo = 2§ + ((ads )2l +

is isomorphic (over k) to a curve with invariants j; and j2. So, we will consider here only

curves given by equations of the form
yg + ToYo = xg + 60:6% + ho

(with hg # 0). The computation, up to the fourth coordinate of the Witt vectors, of the
absolute minimal degree lifting with respect to y for a curve given by the above equation

yields a lifting (over Wy(k)) given by
C/Wy(k) : y*+ (ax® + )y = 2° + dz* + ex® + fx® + gz + h,
where a = (ag, a1,a2,a3),...,h = (ho, h1, he, h3), are given by
0,0 eo+el+h0,a3)
d = (0,e9 + ho, d2,d3),
0, f1, f2, f3),

0 » d1, 92793)

= (0,
(
= (ep, €1, €2,€3),
f=(
9=
h = (ho, h§, g1 + ho, gihg + ho + fihg),
with as, da, ds, e1, e, €3, f1, f2, f3, 91, g2, g3 € k arbitrary, and a lift of points is given by

v(zo,yo) = ((xo, F1, Fa, F3), (y0, G1, G2, G3)),

where F} € k (in fact, F1 = hg, as in section , deg G1 = 13, deg F» = 20, deg Gy = 29,
deg F3 = 28 and deg G3 = 61, and hence, for i = 0,...,3, degG; = (2°13 — 3), i.e., the G;’s

have the minimal possible degrees.
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It seems worth mentioning that if we just want the lift with minimal degrees modulo
4, then you do not need d; = eg + hg as in the formulas above. In this case d; could be
arbitrary. The condition on d; is imposed so that we are able to obtain G with order 29.
In the same way, if you only want the minimal degrees modulo 8, you can have any as € k,
but if you want deg G3 = 61, then you have to impose the condition that as = ag + €? + hg
as above. So, to obtain deg G4 = 125, if at all possible, one might have to impose conditions
on the constants left as arbitrary here.

Also, observe that, without extra conditions, the lifting of the curve is not unique up to
isomorphisms!

As stated in Theorem similar computations with ordinary elliptic curves (genus 1)
show we can also obtain lifts of points with the degrees of G;’s equal to the lower bound.
It seems then that the condition g = x¢ might also to be sufficient to have a lift with G;’s

having degrees equal to the lower bounds.

13. ExXaAMPLES OF CODES

In this section we exhibit some codes constructed with liftings of hyperelliptic curves. We
will deal only with the case when the characteristic of the field and the length of the Witt
vectors are both 2, i.e., when, with the notation of section [2, p' = 4. (Also, as observed
before, we consider only divisors of the form nP..) It is worth noticing that a few examples
for genus 1 were computed by Voloch and Walker in [VWO00].

Let ¢ = 8 and Fg = Fa[a], where a® + a4+ 1 = 0. Consider the curve

C @ g +yo=af+ )+ 20,
with lifting
C : y>+((0,1)x®+ (0, )+ (1,1))y = =° + (1, )z + (1,0)z,
and the minimal degree lift of points from C to C with respect to y

Fi =29+ 1,

G1 = 2§ yo + 24 Yo + ) yo + 23 Yo + o Yo + g + T4 + z0 + 1.

(Observe that, in this case, C' is not an absolute minimal degree curve over C, so v is not

an absolute minimal degree lift of points.)
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Then, considering functions in £(5P) and following the procedure described in section

one obtains a code with the following generating matrix (over Z/4):

SO O O O o o =
o o o o o = O
o O O O = O O
O O O = O O O
O O N O W W =
S N O W o = W
N O O W Ww = O
N N N~ = N W

The corresponding binary code has length 16, 2! codewords and minimum weight 4. Ac-

cording to N. Sloane’s site,
http://www.research.att.com/ "njas/codes/And/,

this is the size of the largest possible non-linear binary code with this length and minimum
distance. Note also that, in this particular case, there is a [linear code with the same
parameters.

One can also use only a few functions in L(nPs) (for some fixed n) to generate the code
instead of all functions. We were then able to find a few codes matching the best known

linear code for a fixed length and size. For example, again over Fg, consider the curve
C:yg+abroy =25 +azg+axd +a°
with lifting
C : v’ +(a%0)zy =2+ (o a)z' + (a*,0)2? + (’,aP),

and the minimal degree lift of points from C to C with respect to y (which turns out to be

also a minimal degree lift with respect to @ in this case) given by

2 2
Fy :x0y0+a3xg+azo+a ,
G = (@l + P af +a®xd + a? 2 4+ o xo) yo+
a5x8+a2x8+a4x3+a4x8+a5x8 —|—042:1:8+x3 +axg+a’.
If we now use only the functions of the form

h=cy+ciz+cy, co ci,coc Wy(Fy)
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in the construction of the code (so we discard functions in £(5P,) involving x?), then we

obtain the generating matrix

10000O0O01312 12
01 000O0O03¢020T13
001 00O0O0O310311
0001 00O0OT112200/],
0000100210360 3
00 00O0O102232171
0o000O0OO0O1111113
and the resulting binary code has length 26, 2'* codewords and minimum weight 6, which

according to A. Browuer’s web site
http://www.win.tue.nl/"aeb/voorlincod.html,

is the minimum weight of the best known linear code with that size and length. (The size
of the best non-linear code with this length and minimum weight is 2'°.)
Finally, one can also use the results from the previous section, where we computed abso-

lute minimal degree liftings, to construct codes. If we have, again over Fg,
C @ ya +woyo = x5+ azf +ab,

then an absolute minimal degree curve modulo 4 over C, with respect to both « and y, is

given by (as in the previous section)
C: vy’ +xy=2"+(0,a")z' + (&® a3 + (0, 1)x? + (0, )z + (a®, o),
and we have an absolute minimal degree lift of points
Fy = aﬁ,
G = (2§ +® 22 + o) yo + o’ a§ + 2d + 2f + ® xd + axd + o’

(Observe that the proof of Proposition gives us a method to explicitly find C, F} and
G1.) Using again only functions generated by {1,x,y}, one obtains the code given by the

generating matrix

10000002231
0100O0O0O0O1T1QO0 3
00100O0O0T120Q01
00010O0O0O1O0T1S3
000O0O1O0O0T1T131
0000O0O1O0T1TO0TQ 0 2
000O0O0O0O123 2 2
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This code has then length 22, 2™ codewords and minimum weight 4, which is the minimum
weight for the best linear code with this length and size. (The largest non-linear code with

the same length and minimum weight is 9 - 213.)
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