Groups of Order 18

Math 455 — Fall 2006

Question: Classify all groups of order 18.

Solution. Let |G| = 18 = 2 - 3% and s, denote the number of Sylow p-subgroups. Then, by
the Sylow Third Theorem, s3 | 2 [and so s3 € {1,2}] and s3 =1 (mod 3). Thus s3 = 1 and
we have only one subgroup of order 9, say H.

Since |H| =9, by Corollary 6.1.14, H = Cy or H = C5 x Cs.

Now, sy € {1,3,9} [since sy | 9]. We split the problem in cases.

Case 1: Assume that s, = 1. Then, if K is the [only] subgroup of order 2, we have

that K <G [since so = 1], H N K = {1} [since the groups have relatively prime orders|, and
|H| |K| = |G|. So, by Proposition 2.8.6, we have that G = H x K. Therefore,

|G 23 x C5 x Cy = Cy x |

[if H=C5x (), or

’GgCQXCQgCHS‘

if H = Cy).

Case 2: Assume that s, = 9. This means that there are 9 elements of order 2 [one in
each Sylow 2-subgroup|. Since H already has 9 elements, this means that every element not
in H has order 2.

Let y € G — H. [Hence y has order 2.] Then G = H U Hy [since [G : H] = 2, or using
Proposition 2.8.6 again]. If h € H, then hy has order 2 [since it is not in H], i.e.,

(hy)2 =1= hyhy =1
= yhy = Bt
= yh=h"1y.



(i)

If H=Cy and H = (z), then we have that
G=HUHy={l,z,2° ... 2%y 2y 2% ... 2%},

the order of z is 9, the order of y is 2 and ya’ = x~%y. Thus,

[D1g is the dihedral group of order 18, as we've seen in class. It is completely charac-

terized by the properties given above.]

If H= (5 x (3, we can write

2 2 2 2 .2 .2
H= {17[['1,CUI,$2,ZE271’1])2,ZE1CE2,lez,xle

where x; and x5 have order 3 and commute with each other. Hence,

. 2 2 2 2 .2 2
G=HU Hy={l,1,x], 22,15, x1X, T1 T2, T1X5, T1T5,

2 2 2 2 2 2
Y, 1Y, 1Y, T2Y, Loy, T1X2Y, T1X2Y, L1XoY, $1x2y}7

and for any h € H, yh = h™'y. We have not encountered this group before, but we can
check that these properties indeed give us a group: the properties allows us to make a
multiplication table and check all the requirements. [Note for example that, since z;

and zo commute with each other, we have:

(wiody)? = aholyaioly = sial(eled) 1 = alofuriey = 1
So, every element not in H indeed has order 2, as we knew it should be the case.] This

group is in fact the semi-direct product of C3 x C3 with C5y, but we haven’t seen those.

Case 3: Assume, finally, that s, = 3. We have in this case only 3 elements of order 2.

The elements of H can have order 1 [the identity], 3, or 9 [if any|. Therefore, all the elements

left [i.e., not of order 2 and not in H| must have order 6, since their orders has to divide

|G| = 18, and cannot be equal to 1 [because 1 € H], 2 [because we're excluding those], 3

[these must be in H], 9 [these, if exist, must also be in H], or 18 [since if we have an element

of order 18, G would be cyclic, and hence all subgroups would be normal, and we would have

to have sy = 1, not 3]. Hence, we have 9 elements [of order 1, 3 or 9] in H, 3 elements of

order 2, and 6 elements of order 6.

Let y be an element of order 2. So, y € G — H, and as before, G = H U Hy.



(i)

If H=Cy, let x be a generator. Let’s find what are the other two elements of order 2
[besides y]. If z'y [which is how every element not in H can be represented] has order

2, then, as before,

('y)* =1 = a'yz'y =1

= yr'y=a""
= ya:i = x’iy.
But then,
yak = y$ix(k—1)z’ _ $—iyx(k—1)i
_ l,—z'yxix(k—Q)i _ :L,—2iyl,(k—2)i
_ x—(k—l)iyxz' = oy,
and thus

(i)? = aFiyatiy — pFig iy — 1.
Hence, if 'y has order 2, so does 2%y, 23y, etc. Since we have only 3 elements of
order 2, they have to be {y, 23y, 2%y}.

We can conclude that zy has order 6 [since it’s not in H and doesn’t have order 2].
But then, (xy)? has order 3. But the only elements of order 3 [which must be in H]
are 23 and 2%, and so,

(2y)” = (wy)’xy = 2’xy = o'y
or

(2y)® = (wy)*zy = 2®xy = 2Ty,
But (zy)? must have order 2 [since zy has order 6], so (zy)* € {y, 23y, 25y}, giving us
a contradiction, which means that if so = 3, then H 2 Cj.

So, assume that H = C3 x (3. Then, there is some element of Hy besides y that also
has order 2. [Remember that y has order 2.] Let z € H — {1} be an element such that
2y has order 2. Again, this means that yz = 2!y, and we can easily check that z2y

also has order 2. [Note that since x € H — {1}, it must have order 3.] So, the subset

S (1,2, 22y, 2y, 27}



satisfy: x has order 3, y has order 2, and yz = x%y. So, S is in fact a subgroup and is

isomorphic to Ss.

We will now prove that S<G: let g € G and a € S. [We need to show that gag™' € S']
If a has order 2 [i.e., a € {y, zy, z%y}], then gag™' also has order 2. But since S contain
all 3 elements of order 2, we must have that gag™' € S. If a does not have order 2,
then a € H NS [more precisely a € {1,z,2%}]. But since G = H NyH, we can write
g = y'h, where i € {0,1} and h € H. But then, gag™' = y'hah 'y [since y* = y~|.
Since h,a € H and H is commutative, we have that hah~' = a. Thus, gag~' = yiay’.

Since a,y € S, we have that gag~' = y'ay® € S. Therefore, S < G.

Now, let § be the set of subgroups of order 3 in G. Then |§| =4 [i.e., the 4 subgroups
of order 3 of H = (3 x (C3]. Then, (y) = {1,y} acts on 8§ by conjugation [since
conjugation does not change the order|. So, the orbits must have order 1 or 2 [since it
must divide |(y)| = 2]. Also, since S < G, the orbit of {1,z,2?} has only one element
[namely, itself]. So,

4=8|=1+ ) [0

O orbit
So, there must be another orbit of order 1. [If not, the right hand side would be odd!]

Let K be this subgroup, and so yKy = K.

We will now show that K <G. Let g € G. Then, as before, g = y'h, with i € {0,1}
and h € H. Since K < H and H is Abelian, we have that hKh™! = K. And, since
yKy = K, we have that gK¢g~' = y'hKh™ 'y’ = y'Ky' = K, and hence K < G.

Thus, S, K < G and |S||K| = |G| [remember that K € 8§, ie., |[K| = 3]. Also,
SN K = {1}, since K # {1,z,2%} [by our choice of K]. Using Proposition 2.8.6, we
have that G =2 § x K, i.e.,

|G = Sy x Cs.|

Therefore, there are five groups of order 18 up to isomorphism: Cig, C3 x Cg, Dig, the
semi-direct product of C3 x C3 with Cy [which we haven’t seen before], and S5 x Cs.
O



